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FOREWORD

This final report is submitted in fullfillment of Contract No. NAS 7-136,

conducted from 18 April 1962 to 18 February 1964. The report consists of two

volumes. The first volume contains the technical discussion and results of the

study, and the second volume contains the appendices with methods of calculation

and detailed results.

The work was conducted at the Aerojet-General Liquid Rocket Operations in

Sacramento, by the Research and Advanced Technology Division. The primary con-

tributers to the report were V. H. Ransom, Project Manager of the first phase of

the contract, F. X. McKevitt, Project Engineer during the same period and Manager

of the second phase; N. C. DeLeuze, Project Engineer during the second period,

and J. D. Hwang, J. D. Tuls, A. A. Trujillo, and T. J. Walsh.

The contract was conducted for the National Aeronautics and Space Admini-

stration under the management of Mr. Henry Burlage, Jr., and the technical direc-

tion of Mr. Richard Cannova.
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FIGURE LIST (cont.)

Kinetic Effects for Bell Nozzle, N204/Aerozine 50, MR = io6

Kinetic Effects for Bell Nozzle, N204/Aerozine 50, MR = 2.0

Kinetic Effects for Bell Nozzle, N204/Aerozine 50, MR = 2.4

Kinetic Effects for Bell Nozzle, 02/H2, MR = 5.0

Kinetic Effects for Bell Nozzle, 02/H2, MR = 6.0

Kinetic Effects for Bell Nozzle, 02/H2, MR = 7.0

Kinetic Effects for Plug Nozzle, N204/Aerozine 50, MR = 1.6

Kinetic Effects for Plug Nozzle, N204/Aerozine 50, MR = 2.0

Kinetic Effects for Plug Nozzle, N204/Aerozine 50, MR = 2.4

Kinetic Effects for Plug Nozzle, 02/H2, MR = 5.0

Kinetic Effects for Plug Nozzle, 02/H2, MR = 6.0

Kinetic Effects for Plug Nozzle, 02/H2, MR = 7.0

Kinetic Effects for Forced-Deflection Nozzle, N204/Aerozine 50, MR = 1.6

Kinetic Effects for Forced-Deflection Nozzle, N204/Aerozine 50, MR = 2.0

Kinetic Effects for Forced-Deflection Nozzle, N204/Aerozine 50, MR = 2.4

Kinetic Effects for Forced-Deflection Nozzle, LO2/LH2, MR = 5.0

Kinetic Effects for Forced-Deflection Nozzle, LO2/LH2, MR = 6.0

Kinetic Effects for Forced-Deflection Nozzle, LO2/LH2, MR = 7.0

Effects of Assumed Recombination Rate Constant on Predicted

Performamce Loss

Effect of Departure From Chemical Equilibrium on Ideal

Performance of a Bell Nozzle_ RD/R T = 1.0, 6.0

FIGURE

31

32

33

34

B5

36

37

38

39

4o

41

42

43

44

45

46

47

48

49

5o

I
I
I
I

I
I
I
I
i
I
I
I
I
I
I
i
I

I



Report NAS 7-136-F, Appendix A

Ia ADIABATIC ONE-DIMENSIONAL FLOW THROUGH A NOZZLE

A discussion of the case of adiabatic quasi-one-dimensional_ steady flow of

a homogeneous mixture of ideal gases* is included in this appendix. It is assumed

that the effects of diffusion, heat conduction, and viscosity are negligible.

The conservation equations are:

pvA = _ = constant (Eq l)

2
V

H + 2 - constant (Eq 2)

and

vdv 1 dp

_--- + p dx - 0 (Eq 3)

A _-A(x) (Eq

specifies the nozzle geometry.

Let the total number of chemical species such as M. in the gas mixture be
1

n, of which the first nAare atomic species and the remaining n-nAare molecular
th

The r chemical reaction taking place in the mixture is formally writtenspecies.

as_

n r n

[ v M. k_ 2 Vir,. M.
i = i ir' i _-_r i = I l

%

(Eq 5 )

where r = 1,2,N, and N is the total number of reactions_ and kR and kD are the
th

reaction rate parameters of the forward and backward chemical changes in the r

reaction.

* Bray, K.N.C., Appleton_ J.P._ Atomic Recombination in Nozzles:

Methods of Analysis for Flows with Complicated Chemistry_ Depart-

ment of Aeronautics and Astronautics, University of Southampton_

April 1961
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I, Adiabatic One-DimensionalFlow Through a Nozzle (cont.)

The total possible number of elementary, independent reactions is equal to

the number of molecular species_ n-nA. At least this number of reactions must be
postulated in order that the problem maybe completely formulated. In fact_ N will

be greater than n-nA if a given chemical process, brought about by more than one
different catalyst is treated as several different reactions; the number of re-

actions being equal to the number of catalysts. This may be necessary when the

reaction rate is greatly affected by the nature of the catalyst. The above general

statements are not intended to imply that all of the N reactions will be of equal

importance in a given flow system.

The equations of state are:

n n

i- W t i (Eq. 6)
i=l i=l

I{ = 7. Yi Cpi dT +AHf W.I (Eq 7)

i =i

There are n-n A differential continuity equations corresponding to the reac-

tions (5), which will be written for the molecular species. The ith of these equations

is

Irp Dyi ) %
Dt - T

D __v d
._where in the steady case

Dt --

tions for the atomic species,

v

n jr"

j =1

(Eq 8)

dx " There are also nA algebraic continuity equa-

W. _ W.__m + Siq -_ =

Y i Wt Wt Y_
q=nA+ 1 q

(Eq 9)

Page 2
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I, Adiabatic One-Dimensional Flow Through a Nozzle (cont.)

where _i is the total mass fraction of the ith atomic species in the gas mixture

in both atomic and molecular forms, the Siq is the number of atoms of the ith species

in the qth molecular species.

th
If the chemical kinetic data suggests that the r reaction proceeds suf-

ficiently fast to remain in chemical equilibrium, then the mass fractions of the

species taking part in the reaction are related by the law of mass action; i.e._

n Vir,, - Vir,

r c WT
kD i = i

(Eq i0)

Equation i0 then replaces one of the set of differential equations (Equation 8). If

all the N reactions remain in equilibrium, then clearly_ N laws of mass action may

be written. However, it will be found that only n-n A of these are independent and

they will replace the n-n A differential equations Equation 8.

If the chemical composition in the flow is fixed (frozen flow) then the

laws of mass action are replaced by a set of equations

Y. = C. (Eq ii)
1 1

where C. is a constant.
l

The general non-equilibriumnozzle flow problem is specified by the n + 6

equations (i) through (4) and (6) through (9) above, of which n - nA + i are dif-

ferential equations. The independent variable is x and the w + 6 dependent variables

are: P_P_ T, H_ V_ A and Y. (i = i_ 2_ ... n). It is assumed that the area dis-
1

tribution A(x) is specified.
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II. SUDDEN FREEZING
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Bray performed exact calculations* for air flowing through a nozzle with a

single reaction and found that, for a nozzle of large area ratio, three flow

regions may be distinguished. These are:

1. A region of near equilibrium flow in which deviation from the infinite

rate solution is small.

2. A transition region,

3. A region of nearly frozen flow in which the reaction has almost

ceased.

If the area ratio is very large, a good approximation to the conditions

at the exit of the nozzle may be obtained by reducing the transition region

to a point, which is called the sudden freezing point. Upstream of this point,

the flow is assumed to remain in complete equilibrium, so that the infinite

rate solution applies. Downstream of the sudden freezing point, the reaction

ceases and the composition of the gas remains frozen. This approximation

cannot give the exact values of all the flow properties a long way downstream

however well the sudden freezing point is chosen, because it does not take

account of the entropy rise which actually occurs due to the nonequilibrium

phase of the reaction. However, the errors may be very small.

The n-n A equations (Equation 8) are first written in the form

d_i _ (Eq 12) I
= (_ir _r

dx |r= I

where X r, which represents the curly bracket in Equation 8, is given by

X r r r (Eq 13)= RR - R D

*Bray, K.N.C., "Atomic Recombination in a Hypersonic Wind-Tunnel Nozzle,"

Journal Fluid Mechanics, Vol 6 (1959)
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II, Sudden Freezing (cont.)

and

h

r r U (_ _J_Vjr'RR --K R " W_"
j =i

h

V _. __fT
r r _ t J_"
RD -- K D , , ( )

j=l

(Eq 14)

(Eq 15)

If the rth reaction proceeds at an infinite rate and so remains in complete

equilibrium_ both _ and _r are infinite. The difference between these two

infinte terms, which is proportional to the net rate of change of _i due to the

reaction, must then be determined from Equation lO rather than from Equation 8.th

This argument suggests that, if the Vth reaction proceeds at a finite rate

which is sufficiently fast to remain close to equilibrium, then

r (Eq 16)R_ _ R D

so that

(Eq 17)

If equation 16 is nearly satisfied, then so is the law of mass action, Equation i0;

thus, the quantities _ and Xr in the criterion (16) may be evaluated on the

basis that the rth reaction remains in complete equilibrium. Evaluation of Xr

under these conditions requires care. Calculated as the difference between R_

r _ rand Rd, where and kD are infinite according to the above equilibrium approxi-

mation, it is indeterminate. However, Xr is in fact finite, even for the infinite

rate solution.
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II, SuddenFreezing (cont.)

If the total numberof reactions considered, N, is equal to the numberof

molecular species present n-hA, then Xr can always be found from the system of

equations (12) if the d_i/d x values are suitably calculated (see below). On
the other hand, if NF(n-nA), Xr cannot be determined in this way because there
are more xr values than there are equations (12). The physical explanation of

the apparent anomally is that, whenthe reactions are all close to equilibrium,

the chemical problem is over-specified if N _(n-n A) because only n-nA laws of
massaction are required to determine the composition. It is not then possible
to determine the contributions of the individual reactions to d_i/d x. Because

of this difficulty, we shall assumein this section that N = (n-hA). The criterion
(17) for the r th reaction to be near equilibrium maybe rewritten in the form

B r rIRR >_ ] (Eq 18)

where the suffix e indicates that the functions are evaluated with the rth

reaction in equilibrium.

th
r

A criterion similar to (18) may be used to define a region in which the

reaction is nearly frozen, namely,

Br << l (Eq 19)

However, this condition is not accurate to the same degree as (18), because

the evaluation of Br assuming that the rth reaction is in equilibrium must

lead to errors when this reaction is, in fact_ nearly frozen.

The two conditions expressed by Equation 18 and 19, suggest a criterion,

which may be used to define the sudden-freezing point. Since the sudden-freezing
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II, Sudden Freezing (cont.)

point of a particular reaction lies between the near-equilibrium and near-frozen

limits defined by Equation 18 and 19 respectively, we write

_r : Qr (Eq 2O)

at the sudden-freezing point. The constants Qr are expected to be of order unity.

Clearly, equation (20) is purely empirical.
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CALCULATION OF THEEMOCHEMICAL AND CHEMICAL KINETIC DATA

Using a program in existence at Aerojet-General_ the equilibrium one-

dimensional performance and properties of the propellants 02/H2, F2/H2_ N204/

Aerozine 50 and N204/Alumizine were calculated for a range of mixture ratios

and chamber pressures.* So that the effect of freezing on performance could

be ascertained, performance calculations were also made for flows frozen at the

nozzle entrance and at area ratios of l, 2_ and 5 for N204/Aerozine 50 and LO2/LH 2.

The results of all of the above calculation are given in Figures A-1 through

A-30. The characteristic velocities are given in these figures, so that the

thrust coefficient and thrust may be readily calculated.

In the application of the freezing point criterion, from the set of

reactions which actually determine the chemical composition in the nozzle_ one

was chosen as dominant on the basis of its high concentration, and high heat of

reaction. In addition to this reaction, as many of the other reactions as are

required to adequately describe the gas composition in the nozzle are considered.

The assumption is made that once the dominant reaction freezes, the entire flow

is frozen from that point in the nozzle to the exit.

I

I

I

I

I

I

I

I

I

r

The diatomic recombination reaction takes place as follows:

A + B +M_AB +M

where A and B are atomic species and M is an inert third body. In this program_

the rate of recombination is determined from

J

--1

(Eq21)

*For a description of the program see Grisman, P.; Goldwasser, S., Petrozzi, P.,

Proceedin_ of the Propellant Thermodynamics and Handling Conference, Engineering

Experiment Station Special Report No. 12, Ohio State University, June 1960.
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III, Calculation of Thermochemicaland Chemical Kinetic Data (cont.)

L
where the quantity w T outside the product represents the concentration of the

inert third body, viz., _M = l, and every atom and molecule present is considered

equally effective as a third body. Therefore, only the concentrations of the

recombining species, A and B, are required as input to calculate Rf.

The program can handle a reaction rate constant of the form

f _b e_ (c/_)
kR =_

where a, b, and c are constants for the reaction being considered. The required

equilibrium rate of composition change along the nozzle is obtained by combining

the composition data from the equilibrium solution and nozzle geometry data as

follows:

dX ( ) (_) (Eq aa)

Composition freezing is assumed to occur when B, below, is unity.

(Eq 23)

The value of X if determined by solving a set of J simultaneous equations

of the form:

J

J_ - _ xr
-- z_____ a. i = 1,...,J

_)O R=l zr /
(Eq 2k)
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III, Calculation of Thermochemicaland Chemical Kinetic Data (cont.)

where the coefficients are determined as follows:

T
a° - (V±r,, _ )ir ? v Vir'

(_q 25)

Note that in order to solve this set of equations, the number of reactions must

equal the number of chemical species considered.

The calculation of d _/dx is based on simple one-dimensional expansion

for the conventional contoured and conical nozzles. In the unconventional plug

and forced-deflection nozzles, the gas flow at any axial location is not uniformally

expanded. The approach for these cases was to calculate an average steam tube that

would divide the flow field in half, i.e., 50% of the mass flow would lie on

either side of this 50% stream tube. The gas flowing along this stream tube would

then have an average value of fully expanded flow, and the new "equivalent"

axial distance would be the distance along the 50% stream tube. The value of

dA/dx for the 50% stream tube was then calculated and used in computing the

kinetic losses for the plug and forced-deflection nozzles.

The two propellants considered were LO2/LH 2 and N204/Aerozine 50. The

set of reactions chosen to describe the recombination of LO2/LH 2 is

H +H+M_ H2 +M

H + OH + M_H20 + M

0 + H + M_----_0H +M

(a)

(b)

(c)

with species, H, OH and H20 being used to solve for Xf.

of N204/Aerozine 50, the set chosen was

H + H +M_H 2 +M

H + OH + M_H20 + M

0 + H +M_ _ 0H +M

(a)

(b)

(e)

For the recombination

Page i0
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III, Calculation of Thermochemicaland Chemical Kinetic Data (cont.)

co + _2o_ co2 + _2 (c)
2No_ "2 + o2 (d)
:_2+ o2_ 2o_ (f)

Species used here to solve for Xf are H, OH, 0, CO, NO, and H 2.

The heat evolved by reaction (b) is, in each set, the greatest. Also,

the concentrations of H and OH in the chamber as shown by the equilibrium

calculations are, compared with other unrecombined species, high. Therefore,

for both propellants

H + OH + M_ H20 + M

was taken as the reaction determining the freezing point*

kf = 1.6 (10) 17 cm6/mole 2 -sec.

Once the freezing area ratio in a nozzle is found, a specific impulse,

taking into account departure from chemical equilibrium, is determined from

curves such as those given in Figures i through 24.

The results of the freezing point calculations which were made only for

N204/Aerozine 50 and LO2/LH 2 are shown in Figures 31 through 48, where C_K,

defined as

CEK = 1
Is chemical non-e_uilibrium/

Is equilibrium

(_,_ 26)

*The flow rate constant, kf, of this reaction is from Baier, R. W., Byron, J. R.,

Armour, W. H., "Application of the Bray Criterion for Predicting Atomic Recombi-

nation Effects in Propulsion Systems," Aeroneutronic, 14 February 1962.
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III, Calculation of Thermochemicaland Chemical Kinetic Data (cont.)

is plotted against nozzle exit area ratio for constant ideal thrust. These

data are for bell (vacuumRao) nozzles with 0.2Rt downstreamthroat blend
radius, plug nozzles, and forced-deflection nozzles having a base area ratio

of 25. For the other nozzles considered in this report, estimates of C£_K were

madebased upon the results for the above nozzles. C@Kfor the swirling flow
nozzle was assumedto be the sameas that for the bell nozzle having the same

area ratio as the effective area ratio of the swirling flow nozzle. The annular
nozzle losses were assumedto be the sameas those for the forced-deflection

nozzle. The losses for the aerodynamic and conical nozzles were taken to be
the sameas those for the bell nozzle.

Since the value of rate constants, kf, at high temperatures are not known

very accurately, the effect of changes in the value of kf on the values of CEK

was studied for the propellant N204/Aerozine-50; Pc , i00 psiaj MR2.0:ii and
a bell nozzle exit area ratio of 60:1. The results are given in Figure 49.

Increasing the presently used value by a factor of ten would approximately halve

_K' and decreasing it by a factor of ten would approximately double CEK.

The nozzle contours used in the computation of C_Kwere the optimum ones

based upon the expansion of a gas having a constant Cp/Cv of 1.2, for the
nozzle exit area ratio being considered. Figures 31 through 48 show that, as

might be expected, C@Kis considerably affected by thrust, i.e., throat radius,

CEKdecreasing with increased thrust. Inasmuch as the curves of Figures i through
29 diverge with increasing area ratio, C_,K must increase with increasing area
ratio since the changesin the optimumnozzle contour that are the result of

increasing the nozzle exit area ratio change the freezing area ratio only

slightly, for the samethroat radius. The fact that the ideal specific impulse

increases with increasing exit area ratio, thus making the throat radius smaller

for a given ideal thrust, also tends to increase C_Kwith exit area ratio.
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III, Calculation of Thermochemical and Chemical Kinetic Data

The losses are somewhat greater for the forced-deflection and plug nozzles

than for the bell nozzles. The losses are also seen to increase with increasing

mixture ratio and decreasing chamber pressure for both propellants.

To see what effect changing the contour might have on C6_C, it was computed

for nozzles having 1.0 RTand 6.0 RT downstream blend radii The results are plotted in

Figure 50. Increasing the downstream radius does decrease C6K. However, to

achieve the same exit area ratio, in these cases, requires a longer nozzle.

This effect is discussed in Section III-C.

Page 13
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LIST OF SYMBOLS

Nozzle cross-sectional area

Defined by Equation 18

Specific heat at constant pressure of the ith species

Specific anthalpy

Heat of formation

Equilibrium constant, th reaction

Chemical formulaj ith species

Number of chemical reaction

Defined by Equation 20

Universal gas constant

Defined by Equation 14 and 15 respectively

Temperature

Stoichiometric coefficient, ith reactant ih the rth chemical reaction

Stoichiometric coefficient, ith product in the rth chemical reaction

Velocity

Molecular weight, ith species

Total molecular weight of gas mixture

Recombination rate constants

Chamber pressure

Ideal thrust

Number of atoms of the ith species in the qth molecular species

Distance along nozzle axis
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Figure 1

Specific Impulse of N204/Aerozine 50, MR = 1.6, P = 25 psi
C
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Specific Impulse of N204/Aeroz_ne 50, MR = 2.4,
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Specific Impulse of LO2/LH2, MR = 5.0, Pc = 25 psi
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Figure 5



Report NAS 7-136-F, Appendix A

Specific Impulse of LO2/LH 2, MR = 7.0, Pc

Figure 6
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Specific Impulse of N204/Aerozine 50, MR = 1.600 Pc = 100 psi

Figure 11
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!iLl*

Specific Impulse of NgO4/Aerozine 50, MR = 2.4, P• c

Figure 13

= I00 psi



Report NAS 7-136-F, Appendix A

Specific Impulse of LO2/LH 2, MR = 5.0, Pc =

Figure 14
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Specific Impulse of LO2/LH2, MR = 6.0, Pc

Figure 15

= 100 psi
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Specific Impulse of F2/H 2 MR = 10.0, P' C

Figure 1 8
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Specific Impulse of F2/H2, MR = 13.0, P = 100 psi
C

Figure 1 9
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Specific Impulse of N204/Aerozine 50, MR = 1.6, Pc

Figure 21
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Specific Impulse of LO2/LH2, MR = 5.0, Pc

Figure 24
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Specific Impulse of LO2/LH 2, MR = 7.0, Pc = 500 psi

Figure 26
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Specific Impulse of F2/H2, MR = 13.0 P c
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Figure 33
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Figure 47
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PART 1 SHEAR DRAG LOSSES
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The investigation of losses occuring in rocket nozzles due to viscous effects

between the nozzle wall and the gaseous boundary layer must be undertaken before the

performance of any nozzle can be accurately predicted. There are two possible meth-

ods of calculating this shear drag, the name commonly given these viscous effects:

(a) momentum considerations of the viscous and inviscid portions of the nozzle gas

flow, and (b) empirically derived expressions which correlate drag values with speci-

fic variables of the flow, i.e., Reynolds number, Mach number, chamber pressure, etc.

The methods were applied to both high and low area ratio nozzles. Cold flow thrust

data for a convergent-divergent conical nozzle having an area ratio of 18.2 was

available* and a comparison of this data with the results of the drag computation

using the two methods described was made. The difference between theoretical and

measured thrust was 0.7%. The loss predicted by the extended Frankl-Voishel analy-

sis considering only that portion of the nozzle downstream of the throat was 0.5%.

The loss predicted by the boundary layer analysis, also considering only that portion

of the nozzle downstream of the throat, was 0.8%.

Initially, it appeared that either of the methods would provide adequate

shear drag values. As drag prediction was attempted for the large area ratio noz-

zles, a major problem was encountered. The problem arose because the nozzle contours

were calculated using inviscid flow relations, and the actual Mach number was there-

fore less than predicted. For the low area ratio nozzles where the boundary layer

is quite thin, the predicted Mach number is very nearly equal to the actual Mach

number. This is not the case for high area ratio nozzles where the boundary layer

is quite thick and occupies a major portion of the flow field. The boundary layer

analysis was therefore of questionable value at the higher area ratios, not because

the method of analysis was incorrect. The problem was that the input, (Mach number),

could not be determined with sufficient accuracy.

*"Model Tests of Several Rocket Exhaust Nozzle Configurations includi_ig Thrust Vector

Control Devices," R. G. Brasket and C. W. Landgraff, FluiDyne Engineering Corporation

Report on Project 0160, November, 1960.
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I, Introduction (cont.)

The extended Frankl-Voishel analysis was chosen as the method by which shear

drag would be predicted, because it was based upon actual shear drag measurements,

was simpler to use, and provided consistent drag data that appeared to be of the

correct order of magnitude. Both methods of predicting shear drag losses were exam-

ined in somedetail, and the main features of each are presented on the following

pages.

Page 2
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II. BOUNDARY-LAYER CONSIDERATIONS

Skin friction drag can be predicted by means of momentum considerations,

provided one has knowledge of both the velocity profile through the boundary layer_

as well as the velocity of the maln-stream flow at the interface between the bound-

ary layer and the main stream.

The boundary-layer thickness was calculated using the integral momentum

equation for axisymmetric flow in terms of the displacement and momentum thicknesses.

The equation was simplified by several assumptions to obtain a differential equa-

tion amenable to numerical solution by Adams integration rule. The assumptions made

T
(1) Prandtl number equal to one, 2 -_ - _ I

in the program were: ( ) /. _ \-_---/ ,
rat /_c c(3) perfect gas, (4) io of specific heats3 _ equal to a constant, (5) gas con-

stant, R, equal toa constant, (6)U/Ul= (y/_)l/7,and (7)_w/2a m u12= f_013_i/7.

Figure i compares the equation for N with the results obtained by six investi-

gators (i) through (6) who experimentally determined the values of N. The figure

indicates that a constant value of N adequately describes the boundary layer flow

field.

(1)

(2)

(3)

(4)

(5)

(6)

Cole, J. K., Preliminary Investigation of the Interaction of an Oblique Shock

Wave and a Turbulent Boundary Layer, Master Thesis, University of New Mexico,
1961.

Brinich, P. F., and Diaconis, N. S., "Boundary Layer Development and Skin

Friction at Mach Number 3.05," NACA TN 2742, 1952.

O'Donnel, R. M., "Experimental Investigation at Mach Number of 2.41 of Average

Skin Friction Coefficients and Velocity Profiles for Laminar and Turbulent

Boundary Layers and Assessment of Probe Effects," NACA TM 3122, 1954.

Rubensin, M. W., Maydew, R. C., and Varga, S. A., "An _lalytical and Experi-

mental Investigation of the Skin Friction of the Turbulent Boundary Layer

on a Flat Plate at Supersonic Speeds," NACA TN2305, 1951.

Wilson, R. E., "Turbulent Boundary Layer Characteristics at Supersonic Speeds -

Theory and Experiment," Journal of Aeronautical Sciences, Vol. 17, No. 9,

1950.

Schubauer, G. B., and Klebanoff, P. S., Contributions on the Boundary Layer

Transition, NACA Report No. 1289, 1956.
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II, Boundary Layer Considerations (cont.)

Figure 2 showsthe variation in viscosity with temperature for liquid oxygen/

liquid hydrogen, mixture ratio of 5, chamberpressures of lO0 psia and 500 psia,
under the conditions of equilibrium flow. Figure 3 is the sameexcept that it repre-

sents viscosity versus temperature for frozen flow conditions. As can be seen from
Rn

the figures, the exponent w, used in the viscosity-temperature relation (A-_--) = (_),

can be considered constant for a specified flow condition and chamber pressure.

The viscosity data was obtained from an Aerojet computer program using the transport

properties subroutine of the thermochemical performance computer program (See Appen-

dix A). The exponent tOwas also determined for N204/Aerozine 50 and liquid hydrogen/

liquid flourine. The effect of the viscosity exponent on the boundary layer thick-

ness was investigated; the results are shown in Figure 4 for a nozzle having an area

ratio of 200. A 10% change in viscosity exponent leads to a corresponding 1% change

in boundary layer thickness. It was estimated that the viscosity exponent can be

determined to within 2% and that this effect on boundary layer thickness is negli-

gible,

Constant values of _, ratio of specific heats, and R, gas constant, were

assumed in the program. In order to determine the validity of this assumption, the

sonic velocities were calculated using a =_-_-_ and from an Aerojet-General program

which is based on the definition of sonic velocity a =/_-_-/--)s, and is therefore

-f

free of the assumption of constant _ and R. The results are shown in Figure B-5.

The sonic velocity as determined from a =_--_-_is based upon average, constant

values of T and R for liquid oxygen/liquid hydrogen. As can ge seen from Figure 5

the agreement between the two is within 2% over a temperature range of 6000°R.

Constant values of _ and R were used in the program as the simplifications brought

about by this assumption more than compensate for the small error introduced.

Shown in Figure 6 is displacement thickness versus distance along the con-

tour for a bell nozzle having a throat radius of 2.167 in., an area ratio of

approximately 18, and an exit Mach number of 3.433. The displacement thickness

predicted at the exitby the present analysis is 5,6% greater than that predicted
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Report NAS 7-136-F, Appendix B

II, Boundary Layer Considerations (cont.)

by the empirical relation by Monoghanand Johnson.(7) This relation relates boundary

layer thickness to Mach number, Reynolds number_ and distance along the contour.

Results obtained from the boundary layer program are of general interest and

are presented in Figures 7 through 10. Figure 7 shows the boundary layer growth in

nozzles having area ratios ranging from lO to 200 for the LO2/LH 2 propellant combi-

nation. Figures 8 and 9 indicate the comparison of boundary layer growth for con-

toured convergent-dlvergent nozzles and plug nozzles. Comparison indicates that

the boundary layer growth is greater for external expansion nozzles than for com-

parable internal expansion nozzles. The plug nozzles of Figure 8 are truncated to

approximately 40% of their full isentropic length. The reason for this procedure

was that the plug nozzles of interest would likely be truncated to reduce weight

..................... o =- _ ........ o ............................

The effect of geometrically scaling nozzles on the boundary layer thickness

was investigated. Figure B-10 shows the boundary layer growth in two nozzles_ one

of which is approximately five times as large as the other. There is definite scale

effect.

(7) Monoghan, R. J., and Johnson_ J. E., British ALC CP 64_ 1949.
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III. EMPIRICAL CONSIDERATIONS

The particular empirical relation used for predicting skin friction drag was

the extended Frankl-Voishel analysis of Rubesin, Mayden, and Varga.(8) The original

analysis was performed by Frankl and Volshel in 1937.(9) In their derivation_ the

solution to the VonKarman momentum integral could not be solved in a closed form

so they performed the integration by using a power series in terms of Mach numbers.

In the extended Frankl-Voishel analysis of Rubesin, Maydew, and Varga, the authors

numerically integrated the Von Karman momentum integral and thereby avoided the

restriction to low free stream Mach numbers.

The extended Frankl-Voishel expression for skin friction is,

0.472 (Eq i)

Y'- Z M2) 0.467CFRICT : (LOGIoRe) 2'58 (i + --_

by definition,

qL (_,q 2)
CFRIC_= 1/2fv-2

F

,? = __w (Eq3)
w A

then the final expression for shear drag is,

o.472p.v2_ 1_)o.467 (_,_4)
&Fw = 2(LOGloRe)2"58 (1 + 2

(8)

(9)

Rubesln, M. W., Maydew, R. C., and Varga_ S. A., "An Experimental and

Analytical Investigation of the Skin Friction of the Turbulent Boum_dary

Layer on a Flat Plate at Supersonic Speeds," NACA TN 2305, February 1951.

Frankl, F., and Voishel, V., "Friction in the Turbulent Boundary Layer of

a Compressible Gas at High Speeds," NACA TM 1032, 1942.
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Report NAS7-136-F, Appendix B

III, Empirical Considerations (cont.)

and the shear drag loss, CED is,

shear dra6 = Fw

C6D = fdeal one-dimensional thrust = CFI_D PcAtCd
(Eq 5)

Equation 4 was numerically integrated by means of a computer. By using the correct

expression for area, a series of eight different types of nozzles were studied.

The viscosity term appearing in the Reynolds number was calculated from the

equation_= /_ ° (T/To)w where the value of w for each propellant studied WaS deter-

mined from chemical composition data as explained in the boundary-layer analysis.

The Reynolds number was based upon distance along the contour using properties

evaluated at an arithmetic mean temperature which was an averaged value of wall and

free-stream temperature.

The shear-drag losses, C_D' have been calculated for the contoured (Rao),

conical_ plug_ forced-deflection, swirling-flow, annular, shourded, and clustered

nozzles. The losses are shown in Figure ii through 25. The pl_g-nozzle losses

shown are for the full isentropic plug_ as well as for plug nozzles truncated to

i0, 20, and 30_ for the full isentropic plug length. The forced-deflection nozzle

losses are calculated for base area ratios of 15, 25, 50, and i00. The shear-drag

curves show the drag loss as a function of area ratio for four values of F P

(Thrust x Chamber Pressure)_ l, i0, i00, and 1,000 (ibs)2 c
in

During the analysis of the shear-drag data, it was necessary to plot curves

of drag loss versus thrust for a specific area ratio and several chamber pressures.

This would result in a large number be necessary plots, but if two of the four

variables (C_D , _ , Pc' F) could be combined, presentation of the data could be

simplified. The drag loss parameter C_D is a function of the parameter F Pc only

for a fixed area ratio nozzle. This may be shown by means of the following argue-

ment:
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III, Empirical Considerations (cont.)

For a fixed area ratio nozzle

_/._(2 (0.472) Asurface
D = _

2.58 o.467

and since g_ PC and X _t _

D PcAt

_ [_o_o(__]_'_PcAt

where

F _ PcAt

D

D

i

[l°glO Pc p_] 2"58

i

= C_DC_[loglo _c 12"58

so that FP c is indeed a parameter by which geometrically similar nozzles can be

compared.

By plotting the curves for each of the propellants and nozzle types, it was

observed that the curves were parallel and that they could all be represented by a

single curve to which suitable scaling could be applied (_factor). The effect of

propellant variation upon drag loss could then be easily calculated. The factor

was determined by plotting the drag loss versus area ratio for a few nozzle types,

(bell, plug, and forced-deflection), and then manually shifting the curves an amount_

, so that the curves for several propellants could be represented by a single

curve. The factor _ was found to be a constant that is independent of nozzle type°
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III, Empirical Considerations (cont.)

PART 2 -- REDUCTION OF SHEAR DRAG LOSSES

L.

The following is a derviation of the expression for shear stress with mass injec-

tion:

mass flow through plane i-2

L

Mass flow through plane 3-4

L L

m3- 4 udy _ I udy dx

Mass flow through plane 2-3

m2-3 = F_ VI dx

Mass flow through plane i-4
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IIl, Empirical Considerations (cont.)

Applying the conservation of mass principle

m3-4 = ml-2 + ml-4 + m2-3

F%Pudy + d udy dx = udy

Jo / dx

L

d_dx°_dy = _%,v+ p vI

+ F Vdx+ _wVl dx

Momentum through plane i-2

L

O u2dy

Momentum through plane 3-4

u2dy

L

Momentum through plane 2-3

/OVIU _ dx

Momentum through plane i-4

pwVw U _ dx

Applying the momentum principle: change in momentum through control volume equals

the sum forces acting on the control volume.
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III, Empirical Considerations (cont.)

/kmomentum = Z_(_v) = + PL - PL + _ (PL) dx

d (p=)dx_(_v) = T_ + _-_

({_V)l_2 + (_v)2_ 3 + (_V)l_ 4 (mv)3"4 = "_w + ddx (PL) dx

u2dy+p_Vl__ dx+#J_dx - u2dy-_ u2dy_x=7_
'40

Since U = 0

L

d--_ /"_ _J /_'i _ : - - L d-'_

+_

The free stream velocity can be related to the axial pressure gradient by using

Bernoulli's equation_

d_ : _ u d-_-dx _ du_o

Substituting Eq's. 7 and 18 into Eq. 17

L

_O

L

% --- U_-_ udy = - + _U_L dxdU_

since Uoo does not depend on Y

L

_sUs L dUs s

Substituting Eq. (20) into Eq. (19)

_W

L L

d -SofpU(U'-U)dy+ s u_- u)dy
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IIl, Empirical Considerations (cont.)

By definition of displacement and momentumthickness

u_. = (i-ua_-)dy

u 2

Substituting Eq. (22) and (23) into Eq. (21)

= d-_ u dx @ #U_
U_o DO

Effect on performance of injecting through nozzle wall rather than through nozzle

throat:

Equivalence of thrust and specific impulse for injection through the experimental

nozzle walls versus injection through the nozzle throat:

(Is)w

(Is) t

F?

4_

s + p
F +F

s
w +_

s p

F i

F +F
s p

The method used to compute this ratio is described below.

sonic nozzle may be computed from:

M PcAt (i +_M L)

= _VA =

The flow rate through a
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III, Empirical C nsiderations (cont.)

since M = 1.0 at the throat

t+1

, :  cAt f2  2-WUU

By definition F = CFPcA t

(Is) w

nDTt
(CFPcAt )i

(CFPcAt )s + (CFPcA t)p

Assume the primary and secondary nozzles have the same area ratio and chamber pres-

sure_ and that the primary nozzle has the same throat area as the nozzle utilizing

injection through the wall.

(Is)w CFi Atp

: + (c_t)p(CFAt ) s

s

_r
P

Ats =

_cAt R_T_--gc 17+ll _]s

_cAt_ (--_+i) _ ]

P

+i 19 PcAt --
s I_'j _+l p

2 2(r-i
c F +i

e $

or

Ws KpAtp Pcp

Ats = _- K
p s cs
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III, Empirical Considerations (cont.)

WhereK is a constant which depends upon the properties of the primary and secondary

gases.

Substituting Equation (9) into Equation (6)

_(is)w

(Is)t

I
I

I

I
CFi

K ....
__s __ ÷ |

CFS Wp K s CFp

CFi

CF--as*-i-s _ + i

CFp CF.p _p Ks

(Is) w

u-Jyt=
FiPcpAtp

I c_____wPci Atp Fp CF p wp

For air with Helium injection

(Is) w F.P
icp

_t = Ws
FoPci(I+2.27_---

CFs Kp

_Fp Ks
= 2.27

P

For air with nitrogen injection

CF_._s K
_P = 1.017

CFp Ks

FoPci(l+l.Ol 7 _Sw )
P
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a

At

Cfrict

%D
F

F

g

M

N

P

R

r

Re

S

T

U

v

X

Y

p

<
T
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SYMBOLS LIST

Surface area, ft 2

Sonic velocity, ft/sec

Throat cross sectional area, ft

Skin friction coefficient

Shear drag loss

Rocket thrust, lbs

Shear drag, lbs

Gravitational acceleration, ft/sec 2

Mach number

Exponent in velocity profile

Pressure, lbs/ft 2

m

Nozzle radius, ft

Reynolds number

Entropy

Absolute temperature, degrees rankine

Velocity component in axial direction, ft/sec

Velocity component normal to wall, ft/sec

Distance from nozzle throat measured along nozzle contour

Distance normal to wall, ft

Boundary layer thickness, ft

Boundary layer displacement thickness, ft

Ratio of specific heats

Density, lbs/ft 3

Dynamic viscosity ibm/ft-sec

Viscosity exponent

shearing stress, lbs/ft 2

Nozzle wall angle and momentum thickness, degrees and ft
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Subscripts

AM

C

P

S

W

1

t

o_

Report NAS 7-136-F, Appendix B

SYMBOLS LIST (cont.)

Conditions evaluated at arithmetic mean temperature

Tw + T1T =
am 2

Conditions at the chamber

Primary

Secondary

Conditions at the wall

Conditions at the edge of the boundary layer

Throat conditions

Free steam conditions
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Figure 4
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Figure 13

0

d
0

0

0

d

0

"i

0

,I=
0ca

,-I

0

0

0

cS

I

eS

o_

0



IQ

9

B

Z

1

9

8

7

6

5

ui=
T7:

;71

H

;22

222

K2
X ?

ii!
!k

Report NAS 7-136-F, Appendix B

Figure 14

::t !Z;

[r

U

:i= )
: !C '

::: ::: F

'*' IT. i?

tT: H ,:

;li Iii

"_ ]! ii

!ii i!

" AI :

:t :x

:, :,

r÷-*

..... 21

' 17 ;-

d d
0

0

0

ID

E

4 _

ffl

o

4_

,,...4

o

o

1.4

0

o
,-1

b,O

$4

I

I-I

C/3

o
,-'t

[._

4._

,-I



Report NAS 7-136-F, Appendix

s _!!_t_::'.i _!;!_i_! Ii?i_1!i !_i_t',ii: _T t-i_t]ilil ;_::,_:;lliil_'ilig:i::i; _IN_ lii_ _i_t,:i_]!:.!lii:?l!]!ti!_4.i:;i;.LgH

!! i!:[ 1_!' !i_]_ _ _i if! IH _!_ i_ _ Ti; i:!i ..................................... : ;:::_

:: : LG _: ;: : _-t: L_LZ :1] J#LL :L : ;' ! {::: { 'I ;' _ : ' i " ' ................ ; '
5

;" T _''' ....... " * :T'I _'1_' "r_7 t 7 "_ ': "r ...... ,!'l ":: tTTT_::: .... '_[ • ! , L'I :'_l ":l :''] ........ _

3 T'{t t

I

/ • t T Y . .I *-_[ fl

9.!!_:!i_' I_: :lii{_i:_- :: ] _ :: { I : : ;::: ::::!: { +: !

its: ::*-':::: ======================== : :i :.:: :! ii;: i:: !:E: :!L! ; :: ::;; !ii: ;;: :::: :: :: : : _:f_ZT: _:!:
::': :" ':::_ ............. .................... ! ........... t_ ...... :_ _1 : ::i ...... "

6. i":: :L::' : : ::.: ::: . ::':[_:: :;:: ;::i iiz i!!; !.i ! ; _::! i._: ::i : ::.: .:: . ::::::i::::_::.

........_:_.:_::::i.....iiil ilii _: _r.:,::_l_i::ii'.r_i!_{i!_:i: ti:_ :: ::.:,_::
_i::f:_ii!i::il!!#::_ii!!_ i_ }!_t::::::::l!:iiti::i!t:::;ii:i;:i....;*" :!_; N:: _!f:::

4. " " :i , ....

1

,-4 0 0 0 0 0

G ,5 ,::; G ,5 G c; 6 c; d ,:;

Figure 15

0

..p

4-)

C:

,-1

:3
,-.-I

(J

0
I-i
4..)

t--4

,--4
,...4

ILl

0

0

0

0

I

_C

,.-t

4_

,,..4

I-i



Report NAS 7-136-F, Appendix B

Figure 16
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Figure 18
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Figure 21
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Figure 22
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Figure 23
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Figure 24
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Figure 25
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APPENDIX C

GEC_ETRICAL THRUST LOSSES AND OPTIMUM NOZZLE CONTOUR DESIGN

Part i

Part 2

Perfect Gas

Equilibrium Flow for Bell Nozzle



I

I
I

I
l

I
l

I
I
I

I
I
I

I
I

I

I
I

I

Report NAS 7-136-F, Appendix C

FIGURE LIST
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PART I -- PERFECT GAS

I. INTRODUCTION

Geometrical losses in a rocket nozzle are a result of the gases leaving

the nozzle exit plane in a non-axial direction and with non-uniform velocity.

They are a function of the nozzle contour as well as its area ratio. The losses

have been computed for each of the nozzles investigated, and are shown on Figures 1

and 2. The basic definition of the thrust loss parameter CEG is

!

CF
C£G = 1-_

CFI_ D

!

where CF is the maximum vacuum thrust coefficient for a given nozzle length,

derived by taking into account only the geometric losses. CFI_D is the vacuum

thrust coefficient obtained by expanding the gas one-dimensionally to the area

ratio of the nozzle. The one-dimensional vacuum thrust coefficient CFI_D may

be computed as a function of area ratio and ratio of specific heats from the

following two equations:*

I I

"{'+I T -i

m"2 2 _-_ p -V- Pe
CFI_D = _ (_-_) 1- (P-_)c + _c _

and

+i

_-i

(__2)
'C÷l

P _ P

*Tables of CFI_D are presented as a function of and Pe/Pc in H. S. Seifert

and J. Crum, Thrust Coefficient and Expansion Ratio Tables, Guided Missile

Research Division, The Ramo-Wooldridge Corporation, 29 Feb 1956.

Page i
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!

The method used to compute CF

nozzle headings below.

is discussed under each of the separate

II. CONICAL NOZZLE

The ratio of CF'/CFI_D may be computed directly for the conical nozzle, by

assuming source flow and a spherical constant mach distribution at the nozzle

exit. The resulting loss factor is

1 - cos
C_G= 2

where

which results in a maximum thrust coefficient for a given nozzle length.

determined graphically as shown on Figure 3.

III. BELL NOZZLE

The contour of the bell nozzle used for the mission analysis was determined

for a perfect gas with a fixed ratio of specific heats using a computer program

employing the method of characteristics. A Sauer* start line was used, and the

contour was optimized using the method of Rao.** The Sauer start line has a

parabolic velocitY distribution which allows less mass flow through the throat

than predicted by one dimensional theory. The discharge coefficient (Sauer mass

flow/one dimensional mass flow) is shown on Figure 111-2o The thrust coefficient

calculated in the program includes the effect of this discharge coefficient, and

was divided by the discharge coefficient to remove this effect° The geometric

loss factor shown on Figure C-I is, therefore, independent of discharge coefficient.

The nozzles designed have a toroidal section immediately downstream of the throat

with a radius of two-tenths of the nozzle throat radius. Increasing the downstream

radius has very little effect on the nozzle losses for the same area ratio nozzle,

and so the larger radii were not considered in this study. The performance of

this nozzle and its optimum contour were also calculated for equilibrium flow of

the gas, as described in Part 2 of Appendix C.

*Sauer, R., "General Characteristics of the Flow Through Nozzles at Near Critical

Speeds," NACA TM i147, 1946.

**Rao, G.V.R., "Exhaust Nozzle Contour for Optimum Thrust, "Jet Propulsion, Vol 28,

No. 6, June 1958
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IV. FORCED-DEFLECTION NOZZLE

The expansion process in the forced-deflection nozzle originates as a Prandtl-

Meyer expansion about the plug lip. The entire flow field is asymmetric with respect

to the direction of flow, and the gas streamlines are monotonic curves from the throat

to the nozzle exit. Exact solution of the gas dynamic equations has shown that the

following assumptions may be made:

a. The family of characteristics or Mach lines associated with the Prandtl-

Meyer expansion maybe assumed to lie straight and with uniform flow properties, V

and 9 .

b. The flow properties may be determined by the two-dimensional Prandtl-

Meyer relationship.

Using these assumptions, the nozzle contour may be determined from continuity

and axisymmetric, geometric considerations. To apply these principles, it is

necessary to properly select a control surface, S, which completely encloses the

rocket system.

continuity

_s _m = _V • nds (Eq i)

momentum

When Equations i and 2 are applied to specific control surfaces, S, for a forced-

deflection nozzle, the following relationships exist:

R Re sin/_e 2]7Rm = 9e Ve sin (_e +/_e )

P

dR (Eq 3)

Page 3
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IV, Forced-Deflection Nozzle (cont.)

<Re I Ve2 sin/(e c°s _
F = .°e -_ sin (ee +/'e) e + Pe

2WRaR (Eq4)

The geometric relations are shown on Figure 4. Equation 3 may be used for computa-

tion of the nozzle contour by equating the mass flow through the control surface to

the mass flow through the throat. The following relationships result:

%_+i

- = (_-_) i + 2 sin (0_+_)

(Eq 5)

.th
The flow properties along the i

Prandtl-Meye r relationship

control surface are found from the two-dimensional

_ _ e e -

where

= tan-i ._ + i (M2 - i) i

(sq7)

Thus, once the nozzle exit conditions and lip radius are known, the entire

contour may be found through successive application of Equation 5 with the flow

properties determined by Equations 6 and 7. The lip radius in dimensionless form

is RD/rt_ and this quantity squared is the ratio of the base area to the throat

area. It is referred to throughout this report as the base ratio, and is selected

as an independent parameter. The nozzle exit angle, @ e' was computed using Rao's

optimum angle:

e _ sin-i - i
Me_ (Eq8)
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IV, Forced-Deflection Nozzle (cont.)

and the nozzle length from the relation

Re
L rt rt

rt tan ($e + _e) (Eq 9)

The nozzle performance is found from Equation 4. After some manipulation, it

may be written in the form

CF' = __epc £e sin (_e + /_e--) + (Eq i0)

whe re

E
e \ rt /

The pressure on the base of the nozzle is approximately one thousandth of the

chamber pressure and has been neglected in this analysis.

V. PLUG NOZZLE

An efficient plug-nozzle design results if an isentropic plug is designed to

give uniform parallel flow at the exit. This is commonly referred to as the

"isentropic spike," and may be truncated considerably with low performance losses.

The calculation of the contour and performance of the truncated isentropic plug nozzle

was similar to that for the forced-deflection nozzle.

The resulting equations for the plug nozzle (Figure 4), corresponding to

Equations 5, 6_ 9, i0, and ii for the forced-deflection nozzle are:

2 T-1 _-i)

- \rt/ = _+ 1 1 + -_ sin (- @i +_i )

Page 5
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V, Plug Nozzle (cont.)

where

= _ - _6e + __i e i

R_ Ri

Li rt rt

r t tan (-#i +_i)

Pe _e sin (-% +_e ) +CF = P7

An isentropic spike results when R and _ are zero.
e e

Experimental data taken from plug nozzles with an area ratio of 30:1 and

truncated from 6 to 33% of their isentropic length indicates that about 70% of the

thrust which would have been produced by the portion of the isentropic spike which

was removed by truncation is recovered by the pressure on the base. This factor

establishes the basis for the geometrical loss factor C shown on Figure 5. The
£G

factor was computed from

!

CF

%° : .3(_ c_. )
isen

T

where CF. is the thrust coefficient of an isentropic spike, and CF is the thrust
Isen

coefficient of the truncated isentropic spike with no thrust recovery caused by

pressure on the base area.
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The outer contour of the annular nozzle was designed with a computer program.*

The inner contour is a mirror image of the outer contour, with the base ratio of the

nozzle selected such that the inner contour meets at a point in the exit plane of the

nozzle. This does not result in an optimum nozzle. It is expected .that an optimum

contour has a steeper inner contour. Increasing the base ratio such that the inner

boundary does not come to a point will also increase the performance of this nozzle

due to the pressure on the base.

The performance of the annular nozzle was estimated from the performance of a

two-dimensional wedge. The losses of the wedge nozzle (Figure l) were computed by a

method similar to the cone, except that

C_G = i sinD<oQ

These wedge nozzle losses were multiplied by the ratio of the bell nozzle losses of

the cone nozzle losses at rhea rea ratio of the wedge, to correct for the effect of

lowering the exit angle by contouring. The losses thus calculated are thought to be

low.

VII. STAR NOZZLE

A three-dimensional analysis is required for an exact calculation of optimum

contour and performance of the star nozzle. Since this was not available, a crude

approximation of two-dimensional flow in a wedge nozzle was used. A number of

sections similar to the section shown in Figure II-9 were arranged as shown to form

a polygon exit plane, with throats extending to the same diameter as the exit. From

the figure it may be seen that the wedge nozzles at the center polygon have an area

* Rao, G.V.R., "Analysis of a New Concept Rocket Nozzle," Lizuid Rockets and

Propellants Progress on Astronautics and Rocketry, Vol. 2, M. Summerfield,

Academic Press_ New York, 1960.
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VII, Star Nozzle (cont.)

ratio of i, and the wedgesat the outer periphery of the nozzle have a very high
area ratio. The effective area ratio of the unit is related to the maximumarea

ratio by the relation

i+_
max

2

The length of the nozzle may be computed from geometrical considerations:

L l

r_ = tanO(mi n
I 180

7[(6 - i) tan (--_-)

n

This is the length shown on Figure II-6 for a nozzle with eight throats. For

comparison with other nozzles, the length is also presented as a function of

hydraulic radius ratio on Figure II-7. The hydraulic radius ratio is defined as

which_ after substitution of geometric relations, is

R

rt

IIv(e- i)'
16. l_In tan@

1 +Yam-

A real star nozzle might have throats that do not extend all the way to the

exit radius. If the throat area is kept constant and the length of the throat

reduced, its hydraulic radius increases and its shape approaches (in the limit) a

circular throat. Therefore, a curve may be drawn from the star nozzle to the circular

throat on Figure II-7 representing all star nozzles with throats ranging from lengths

equal to the exit radius to a single circular throat. The curve between the star

nozzle with throat length equal to exit radius and the circular throat was assumed

linear. This established a __L/rt of 15.7 for the design nozzle. The length was
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VII, Star Nozzle (cont.)

further reduced by 12% to account for the effect of contoured, rather than wedge

sections. The performance of a star nozzle was assumed to be identical with the

annular nozzle, since they may both be approximated with a two-dimensional wedge.

VIII. AERODYNAMIC NOZZLE

The method of calculation of the geometric losses in the aerodynamic nozzle is

described in Appendix F.

IX. SWIRL NOZZLE

The basic procedure for calculating the one-dimensional performance of a

swirling flow nozzle is given by Mager.* This analysis was programed on the computer,

and the results are discussed in Section II, D, 6. The geometric losses were assumed

to be identical to the bell nozzle losses at the geometric area ratio of the swirling

flow nozzle. For example, a swirling flow nozzle with an effective area ratio of

100:l and a swirl magnitude of 0.5 has a geometric area ratio of 25 (Figure II-10).

The geometric losses may be obtained from the Figure 1 bell nozzle curve, and are

2.19%.

A two-dimensional analysis was conducted and is described in Appendix E.

Sufficient time was not available to program this analysis for Phase II.

X. DISK NOZZLE

The disk nozzle was analyzed using an existing computer program in which

contour is input, and performance is calculated using the method of characteristics.

The high losses of this nozzle are shown in Figure 2.

* Mager, A., "Approximate solution of isentropic swirling flow through a nozzle,"

ARS Journal, 31:1140-1141, Aug., 1961.
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PART2 -- GEOMETRICLOSSESANDOPTIMUMNOZZLEDESIGNOFA BILL NOZZLEWITH
EQUILIBRIUMANDFROZENFLOW

I. SUPERSONIC FLOW OF A GAS IN CHEMICAL EQUILIBRIUM: DYNAMIC AND THERMODYNAMIC

I

I

I
RELATIONS

A better model of two-dimensional and axisymmetric flow is obtained when the

effects of change in chemical composition as the gas flows through the nozzle are

taken into account.

The assumptions made for the equilibrium composition analysis are as follows:

(a) Equilibrium composition is maintained in the combustion gases throughout

the nozzle expansion.

(b) The flow is isentropic.

(c) The gases behave as ideal gases.

(d)

(e)

The propellants burn completely in an ideal plenum chamber at one pressure.

The gases are homogeneous and at zero velocity in the plenum chamber.

In the numerical computation the pressure is taken as the independent variable

and the other thermodynamic variables are obtained as functions of pressure.

We have from thermodynamics that the change in entropy is given by

dQ dE _i dni

dS=T =T + "_d(_) T (E_1)

with summation on the i.

The first law yields

V 2

d(T) =
(Eq 2)

with H defined as

H=E+ p (Eq 3)
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I, Supersonic Plow of a Gas in Chemical _quilibrium: Dynamic and Thermodynamic
Relations (cont.)

combining Bquation 2 and 3 we have

V 2

- d(-_-) = d_ + _ dp ÷ pd (_)

Assuming an isentropic flow

I

i

!

dS =O

and _quation I becomeS:

dE + p d(_) = O

(It can be shown for constant entropy, equilibrium flow that _tidn_ = 0.)

I
I

I
I

Combining Equation 4 and 6

- d( ) =_ dp

The sound velocity is defined as

2 (ap)
c Op :S : constant

With isentropic flow this may be written in differential form

2C =

dp

or

2
dp : c d_p"

Combining Equations 10 and7

I V2 c 2
- d(7) =-g dp

Pagell

(Eq 4)

(Eq 5)

(Eq 6)

(Bq 7)

(Sq 8)

(Eq 9)

(_q 10)

(Eq 11)



Report NAS 7-I 36_F, Appendix C

I, Supersonic Flow of a Gas in Chemical Equilibrium: Dynamic and Thermodynamic
Relations (cont.)

Assuming irrotational flow

Du _ 0v = o. (Eq 12)
6y Ox

This enables us to define a potential function _ which satisfies Equation 12

identically

I

I
i

!
i

O_ O_ i

u = _x = _x ' v = _-_ = _y (Eq 13)

The continuity equation written in general two-dimensional form is I

O_(py°ru) + O_y(pVy (_) = 0 (Eq 14)

with

_=0

= 1

2-dimensional plane flow

3-dimensional axi-symmetric flow

2 2
Using Equation 1 I, with V 2 = u + v, eliminate p from Equation (Eq 14).

note that from (Eq 11)

_ = _ L2(_x_xx + _yOy x)
c

_-_y = - ._2(_x_xy + _y_yy)
c

Equation 14 becomes

2 2

c ¢ Y

2 2
c = c (V)

First I

I
(Eq 15)

!
(Eq 16)

I

(Eq 17) I

(Eq 18) I

Page 12
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I, Supersonic Plow of a Gas in Chemical Equilibrium:, Dynamic and Thermodynamic

Relations (cont.)

If we set @ = flow angle, then

u = Vcos8

v = Vsin8

and with the Mach angle _ defined by

(Eq 19)

c I
sin_ =- =- (Eq 20)

V M

then the method of characteristics applied to equation (l-17) yields the following

expressions:

dy = tan(_ -_)
dx

Characteristic I

d_y.y= tan(8 +_)
dx

Characteristic II

sin_ tan_ sine dy
1.dV. = - tana + _ . (_)
_(d_) I y sin(O"a)" I

l(dV)
_ d--_II =' tana+ U •

sina tan= sine (d_
y sin(_+_..)' II

(Eq 21)

(Eq 22)

(Eq 23)

(Eq 24)

I:

II:

d_y7 = VM2-1 sin e- cos e
dx

COS 8 + Sin 8

d__7= "3/"M'M2-1 sin (_+ cos 8

dx

_-] COS 8 - s'i.n:.8

(Eq 25)

:(Eq 26)

I:

II:

1 M dc dM
_(1 +- = -c _) d-_

, M d_.:)_
_(I +-c dM d o

] sin 8

_+_ (_yV M2-,(MV_-,sine- cos

sin e
I

+

(Eq 27)

.(Eq 28)

Page 13



Report NAS 7-136-F, Appendix C

I, Supersonic Flow of a Gas in Chemical Equilibrium: Dynamic and Thermodynamic
Relations (cont.)

The presence of the sound velocity (c) in the equations is the main effect o£

including the shifting equilibrium. This adds no great complication to the compu-

tation since c can be obtained as a function of Mach number using an existing program

that computes the sonic velocity in a reacting gas mixture.*

* G. Gruber, Calculating the Equilibrium Sonic Velocity in a Reactin_ Gas Mixture,

Report RM 7345, Aerojet-General Corporation, 26 July 1961.
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II. NUMERICAL SOLUTION OF CHARACTERISTIC EQUATIONS

A. FINITE DIFFERENCE APPROXIMATIONS

The numerical solution of the problem using the method of characteristics

consists of building Up a network of points using Equations 25 through 28 Section I.

Consider a I characteristic passing through the points P1(x1,YI,M1,@3) with the flow

at PI known as illustrated below:

×

and the flow at P3 to be determined.

To integrate Equation 25, Section l, along PIP3

Y3 x3

71 x I

sin 8 - cos 9 dx

V m2-1 cos O + sin 0

I choose the finite difference form:

I _123-I si_ 013 - c°s 013
I: Y_ - Yl =

x3 - x I _M123-I cos @13 + sin @13

with

M 1 + M 3

M13 = 2

and
O I + O3

013 = 2

Page 15
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II, A, Finite Difference Approximations (cont.)

Similarly, Bquation 27 is approximated by

13 -1

I: (1 M13 dC M3-M1
+- (_) @3_@1 = -1 +M13 C13 13

sin @13 ( Y3-Yl )

Y13(-_/M23-1 sin 93 + cos-@13)
(@3-@i)

with C 13
dC

and (--r:-)13oHobtained from the table of C versus M.

(Eq 31 )

Now consider a II characteristic passing through the points P2(x2,_ ,M2,@2)

and P3(x3,Y3,M3,@3) with the flow at P2 known and the flow at P3 to be determined

as shown below:

The finite difference forms for Equations 26 and 28 along P2P3 are

II: Y3 - Y2 _sin 023 + cos 023

x3 - x2 2_ °s @23 - sin 023

Ii: VM23-I (1 M23(dC M3-M 2 =

M23 + C23 '_)23 ) 03-@ 2

a sin 023

Y23 ( _23-1 sin 023 + cos 923)

(Eq 32)

Y3-Y2

(%---_2)

(Eq 33)
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II, A, Finite Difference Approximations (cont.)

with M2 ÷ M3

i M23 = 2

|

I

I

I

I

I

I

I

Q2 + Q
, _- ii_3

Q23 2 '

dC

and C23 and (_;..)23obt_ined_ from the table of C versus M.

B. CALCULATING .AN INTERIOR POINT

In this section the calculation of a single interior network point is

examined as illustrated below .

I

I
I

In the figure above, assume that the flow conditions at points Pland P2

are known and the flow at P3 is to be determined. At point PI the direction of the

I characteristic is given by Equation 30 and the change of M,@ along this character-

istic is given by Equation 31. Similarly, at point P2 the direction of the II

characteristic is given by Equation 32 and the change in M and @ along it by

Equation 33, thus yielding four equations in the four unknowns x3,Y3,M 3 and Q3"

The slope of the characteristic is a function of the average Mach number

and average flow angle which in turn depend upon M3 and G3, Therefore, assume an

initial guess and gradually converge on the correct average.
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II, B, Calculating an Interior Point (cont.)

Define

K 1 =_ cos 013 + sin 913

K 2 --_M123-1 sin 013 - cos 013

K3 ='_M_3-1 cos 023 - sin 023

K4 _ sin 023 ÷.cos 023

then Bquations 30 and 32 become

(Y3-Yl)(K 1) = (x3-x 1)(K 2)

(y3-Y2)(K3) = (x3-x2)(K 4)

or

KIY 3 - K2x 3 = KIY I -7 K2Xl = K5

K3Y 3 - K4x 3 = K3Y 2 - K4x 2 = K 5

Thus
Y3 =

K5 - K21

•K6 I<41K2_:_- KJ5
K_-C.I-K:3-KIK4
K3 K4 I

K2K 6 - K4K 5

x 3 = K2K3 - KIK 4

Page 18

(Eq 34)

(Eq 35)

(Eq 36)

(Eq 37 )

(Eq 38)
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II, B, Calculating an Interior Point (cont.)

To solve Equations 31 and 33 for M 3 and 03, define

G1 = M13-1 13

G2 = M23-1 M23

H I = (I + M13C13(_)13

H2 =(I M23 dC+ (_)23)
C23

Y3 - Yl x3 -
= _( ) = o-(Xl)

F I
K 2 K1

Y3 x3 - x2
- Y2) = a(

F 2 = (;(
K4 K3

1
then Equations 31 and 33 become

HIGI(M3-M1) =- (83-01 ) 4

sin 01 3

Yl 3
F 1

from which

H2G2(M3-M 2) = (03-02 ) +

HIGIM3 + 03 = HIGIMI + @I +

H2G2M3 - 03 = H2G2M2 - @2 +

sin 023

Y23 F2

sin @13

F 1 = L 1
Y13

sin @23

-- , = L2Y23 F2

Page 19

(Eq 39)

(EQ 40)

(Eq 41 )

(Eq 42)
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II, B, Calculating an Interior Point (cont.)

Solving for M 3 and @3:

L I + L 2

M 3 = HIG1 + H2G 2

H2G2L1 - HIGIL 2

@3 = H 1G 1 + H2G 2

(Bq 43)

(Bq 44)

To start the iteration, assume M13 = M 1, M23 = M 2, @13 = @1' @23 = @2' and

a. Compute C13 = f(M13) and C23 = f(M23).

b. Calculate K1, K2, K3, K4, G I, G2, Hi,and H2 using Equations 34 and 39.

c. Calculate x 3 and y3 using Equations 37 and 38.

d. Calculate F 1 and P2 (Equation 40) choosing that form which has the largest

denominator
73 - 71

e.g.,if IK2_ _['Kll then P 1 = K2

x 3 - x 1

or if JEll _ _K_ then Pl = K 1 G

e Calculate M 3 and @3 using Equations 43 and 44.

f. Compare the new M3 with the previously computed M 3.

g. Return to step a if the change in M 3 is too large (i.e.,>10-5).

When the change in M 3 is sufficiently small, the iteration has converged giving

the flow at, and location of, P3 _ Using this procedure, a complete flow field is

constructed point by point.
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II, Numerical Solution of Characteristic Equations (cont.)

C. BOUNDARY POINT

boundary at each point given (x, y, @ specified).

points is the Mach number.

As can be seen from the figure, the

II characteristics passing through A and B do

not necessarily intersect the boundary at the

point P. The II characteristic passing through

P intersects the I characteristic through A, B, at Q.

Consider a characteristic point in the:neighborhood of the upper boundary. 501_4
- .. _ 6_,Jn,h,r""/

If the boundary is defined by a continuous function, _ ,

it would be necessary to find the intersection of _ /

the II characteristic through P with %he upper / ///

boundary. However, in practice, the boundaries are E_""",-_,

specified by discrete points with the slope of the
I

The on17 unknown a-t boundary/ 5ob4

/

A g

2

Since the flow at points A and B

is known, interpolation yields the flow data at Q. Also, Q and P must satisfy the II

characteristic _.quatiqns 36 and 42. The basic method consists of assuming values

of Mp, MQ and 0Q, and intersecting the II characteristic passing through P with the

line joining A and B. This intersection gives XQ and yQ, which can then be used for

linear interpolation between A and B to obtain MQ and 0Q. The variation of M along

the II characteristic from Q to P as given by Equation 36 is used to obtain Mp. The

new Mp is compared with the previously computed Mp. Convergence is obtained when

the successive values are sufficiently close together (i.e., AMp _I0-5).

The II characteristic passing through Q and P satisfies Equations 36 and 42;

(yp-yq)(K 3) = (Xp-Xq)(K 4)

sin @pQ

H2G2(Mp-M Q) = (@p-eQ) + y pQ

(Eq 36)

F2 (Eq 42)
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II, C, Boundary Point (cont.)

with

K3 =_-1 cos 0pQ - sin 0pQ

K 4 =_ sin 0pQ + cos 0pQ

Opq = (Op*Oq2)

(Mp*MQ)

MpQ = 2

MI_

H 2 = 1 + CpQ'dM"

yp-yQ = Xp-XQ

F2 = _ K---_- _ K_

The equation of the line joining A, B, evaluated at Q is:

YA-YB

YQ = YB + _ (XQ-XB)

With Xp and yp known, solve Equations 36 and 44 for XQ

K4 YA-YB

FQ = Yp (XQ-Xp) _ = YB + xA-'--"--_ (XQ-XB)

Page 22

and yQ.

(Eq 45)

(Eq 46)

(Eq 47)

I
I

I
I
I
l
I

I
I

I
I

I
I

I
I
I

I
I

I



Report NAS 7-136-F, Appendix C

II, C, Boundary Point (cont.)

I _4 YA-YB. .YA-YB K4

!
.1 _-- [ K4 "

,. -A-_B J
(K3 xA-_-

(_q 48)

with xq and yQ determined, interpolate for MQ and OQ

x_-x B

MQ = MB + (. q B)(M .M_)
xA-x B A

(_q 49)

eQ = oB + (_)(o -Q )
xA-x B A B

The iteration can be started by assuming MQ = Mp = (MB+M A):

2

a. Compute CQ(MQ) and Cp(Mp).

h. Calculate quantities given in Bquation 31.

c. Calcualte_ using Bquation 48 and yq from £quation 33 unless x A = XB,

in which case XQ = xA = x B and yQ is calculated using Equation 36.

d,

Calculate MQ and 0Q using equations 49.

I

I

I

e. Calculate F 2 using that form of Equation 46 having the largest magnitude

denominator.

f. Calculate a new value for Mp using Bquation 43.
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II, C, Boundary Point (cont.)

1

Mp = MQ + H2G---_

sin @pQ)]

g. Compare the new Mp with the previous Mp. If they are too far apart

(i.e., greater than 10-5), return to a. Using Equation 35 and 42, similar equations

can be developed for a characteristic point in the neighborhood of the lower

boundary.
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II, Numerical Solution of Characteristic Equations (cont.)

D. THE START LINE

The methods for solving for interior and boundary points gives the means

for developing the complete flow through the nozzle if the flow along a start line

immediately downstream of the nozzle throat is known. This start line can be

obtained by using the method presented by R. Sauer*.

\
\

\

_ #/o

4,rc_.'l"i c, h

X

The only problem encountered in using this method in shifting equilibrium

problems is that it requires the ratio of specific heats (_). However, in the

neighborhood of the throat, the Mach number is I, hence pressure and density are

nearly constant. Therefore, assuming a constant _ along the start line should be a

good approximation.

* R. Sauer, General Characteristic of flow through nozzles at near critical speeds,

NACA JM1147, 1947
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II, Numerical Solution of Characteristic Equations (cont.)

E. MASS FLOW AND THRUST

Using the equations in sections 2, and 3 the characteristic network re-

presenting the flow through any axisymmetric nozzle for equilibrium or frozen flow

can be constructed. Other useful quantities are the mass flow and the total axial

thrust which is composed of the axial momentum flux of the gas and the pressure x area

in the axial direction on the boundaries of the nozzle.

The momentum flux is obtained from

• V _MC

g g

with the mass flow rate (_) given by:

 _pAv
144 144 "

Ib/sec -

Por an elemental area dA

=OMCdA
144

which in finite difference form becomes:

a_ + MP-_ _A
144

with the bars denoting the average value across the incremental area _A.

AA can be described in terms of the component of area normal to the

direction of flow between two points. The effective flow area between the points

A B is shown below.
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II, E, Mass Flow and Thrust (cont.)

A_ I f

with

Hen ce

AA = (Aycos_-A x si._ ) 2_

= (eA+eB)/2 a.d _ = <yB÷yA)/=

p_IC cos_ (XB-XA) sine ]A_ = _ _ (yB+YA) [(yB-YA )

The axial component of the momentum at point B is obtained from

with

Mom. = Mom. + AMom.
axial B axial A axial AB

MC Am cos(_)AMom. = --
axial AB/sec g

Substituting from Equation (50) gives:

f_2e2
AMom'axial AB/sec = i44g' (YB+YA) [(YB-YA )cOs_ - (XB-XA)sine ]cost

Page 27
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II, E, _ss Flow and Thrust (cont.)

The thrust because of the pressure of the gas acting on the solid boundary

wall can also be written in terms of radial and axial components.

The axial component

AF
axial

Faxial = Press. " Area axial

= P • A cos0

= • cos 

=._ 2 2
(YB-YA) (Eq 52)

Note that P is obtained at each boundary point from a table of P verses M, with M

known at each point.

In obtaining the total thrust of a given nozzle, it is necessary to

integrate the momentum flux and pressure thrust over a suitable control surface. A

control surface often used consists of a curve going along a solid boundary across the

flow in the neighborhood of the throat and along the other solid boundary.

In the figure, integrate: P-AA along CD, DE and EF, and the momentum

flux along DE. The sum of thes@ gives the total thrust of the nozzle. The total

mass flow is obtained from integrating mass flow along DE.

The divergence loss for a nozzle then may be calculated from

k = I- F

FI -Dimensional
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THE OPTIMUM THRUST NOZZLE

A. INTRODUCTION

!

!

!

!

G.V.R. Rao gives a method for designing the nozzle contour to yield the

optimum thrust.* The governing conditions are the nozzle length, the ambient pressure,

and the flow conditions in the neighborhood of the throat. The ratio of specific

heats was assumed constant. The mathematical method employed is the calculus of

variation. Lagrangean multipliers are determined and the control, surface ascertained

to be a surface generated by a left running characteristic. The method of character-

istics is then used to compute the contour.

Later, Rao presented a method** that takes care of the varying gas

properties associated with chemical reaction occurring downstream of the nozzle.

Because _ is no longer constant, the original method of deriving the Lagr angean con-

stants as well as the identification of the control surface should be re-examined.

In the following we shall show that the equations as given in Rao's earlier paper are

still valid, except that a method to compute c through thermal chemical considerations

is needed. The method is attributed to Gruber and appears in the work cited earlier.

B. THE VARIATION INTEGRAL

We want to optimize the thrust

Thrust =/ YE
YC

with

[ (P-Pa) " ]+ pV2sin(si_ - O ) COS O 2Try dy

p = flow pressure

Pa = ambient pressure

U O = flow direction angle

¢ = direction of control surfac_

function mentioned in Section I.)

/

(not to be confused with potential

* G.V.R Rao, "Exhaust Nozzle Contour for Optimum Thrust," Jet Propulsion, June 1958,

377 to 382

** G.V.R. Rao, "Contoured Rocket Nozzle," Ninth Congress of the International

ASTronautical Federation, Amsterdam, 1958,
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III, B, The Variation Integral (cont.)

The constraints are

and

or

Mass flow (known) =_ YE pV sin (¢- 8) 2
3 yC sin

WY

Length(known) = XC +f_s co_d7y

YE
cot@idy = constant

dy

Of the five variables p, V, ¢, @, p, we shall take @, _ and the Mach number M as

dependent variables and y as the independent variable.

Letting

=[ v2fl P - Pa +P sin (@- @) cos @ ]sin # Y

sin (o -#)
f2 = p .V sin @ Y

f3 = COt ¢

and introducing Lagrangean multipliers _, kg, we have the integral

I = (fl +k 2f2 + k3f 3) dy
C
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llI, B, The Variation Integral (cont.)

to optimize. Prom this we get three equations from the three coeffieients

of 6M,5@, bo.

÷ )hf2M + k = 0riM 3f3M

_i +X'2_2_÷ x3f3_= o

flO + k2f2Q +k 2f30 = 0

(Eq 52)

(Eq 53)

(Eq 54)

These equations are valid for points on DE. In addition, we have the equation

fl + k2f2 + k 3f3 = O, at E.
(Eq 55)

As f3M = f3Q = 0., we have from Equations (52) and (53)

k.2 = fIM,f = -f101

I 2M f20

Let

= sin (@- 0)cos Q
- sin @

(Eq 56)

then

flM dM dM

cos g dM

cos 0 dp

_L dpV

d@V 2

+ _ cos g

(Eq 57)

cos Q v

c2 pv dP

dV

+ V cos 0 +pV cos 0 dpV
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III, B, The Variation Integral (cont.)

Now

1
VdV = - - dp

P

I

i

I

I
Hence

Next,

p v _p = -I (Eq 58)

@ _ pV 2
@ = _ a_Vd#, or V dW =

C2 C2

dV = I = 1 Iv2p+v p-p 

= I (Eq 59)

p(1 - M2)

Substituting Equations 58 and 59 in571'we have

rim

I2M

V cos O I -/_- + V cos O

M 2 - 1 )_
(Eq 60)

On the other hand

flO

2_@ = V cos O + V tan (_ - O) sin O (Eq 61 )

Hence, from Equations (60) and (61), we have

cos O

M 2- I
(I sin_ O) = tan (_' - O) sin O

Sin (_- ) cos
(Eq 62)
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III, B, The Variation Integral (cont.)

By definition,

I

sin _ = _,
M2 - 1 = cot2G

Therefore Bquation 62 reduces to

tan (# 0) = tan ± (Z

OE

-0=± G

As CDE is crossed by streamline, @ > O,

¢ = 0 + (I,

This says that DE is a left running characteristic.

Now by Equations 61, and 63, we have

=- V cos (g -S)
k 2 cos s "

and this is valid for points on DE.

From Equation 53 we obtain

k 3 = "p V2Y tan _ sin 2

Page 33
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III, The Optimum Thrust Nozzle (cont.)

C. THE OOMPATIBiLITY _.QUATION

In Rao's paper published in June 1958 in Jet Propulsion, the compatibility

equation for constant _ is

_SdO dM 2_ I sinu sin 0
÷ = 0

d7 dy M[ 2_1 M 2_ I] 7 sin (_)÷U)

In his Amsterdam presentatibn, this becomes

dQ cot _ dV
÷

_7 V dy
sin U sin Q = 0

y sin (@ + _) (Eq 66) _

where no _ appearg.

This form can be derived from

dp

pv 2 tanQ

+ dO ÷ sing sin O dy = 0
sin (O+ CO y

given on Page 257 of Rao'swork.. Our job is nOw to show that Bquation 66 is satisfied

for points on DE. We shall start from

k = _ v cos (0 - _) (Eq 67)
2 cos G

k3 = pV2Y tan _ sin 2 0 (_q 68)

Take logarithmic differentiation of (3.3-2)

0 = d_nV ÷ [tan U + tan (O - _)] dU- tan (O - U)d0 (Eq 69)
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III, C, The Compatibility Equation (cont.)

Now

• . Equation 69 becomes

tan _+ tan (@ - _) =
sin @

cos acot (@ - CO

cos(@ - @ da sin (@ - a )
d inV = --------- d@ = 0

sin @ cos _ sin @

Taking the Zog differentiation of Equation 68

0 = d lnp + 2d lnV + d lny +
d_

sin a cos
+ 2 cot @ dW

Now

o •

V2 I

d_= p dp

VdV = - ldp@
p dp

Bernoulli's equation.

= - C2d Inp

or

e

V2d lnV = - C 2 d inp

M 2d inV = -d in p

Substituting in Equation 71

0 = M2d InV + 2d inV + diny +
d

sin _ cos
+ 2 cot O dO

or

(2 - M2)d inV + d Iny +
d_

sin _ cos_
+ 2 cot @ d@ = 0

Page 35
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III, C, The Compatibility Equation (cont.)

Now

2 2

2 - M 2 = sin a - cos

szn

, we have

2 2 da
sin a 2- Cos a d inV + d iny + sin _ cos

sin

+ 2 cot Q dg= 0

2 2
sin a- cos _ d inV + sin =diny + dg

sin = cos

(Eq 72)

+ 2 sin a cot Q dQ = 0

Equations 70 to 72:

(cos (Q - a)
L sin g!

2 2

sin g - cos a), d inV - sin a diny
sin

[sin (O - a )

sin O
+ 2 sin G cot @

dQ=O (Eq 73)

Now

cos (Q -

sin @

si n2 a - COS2_ = COS a sin (Q + _,_)

sin _ szn a sin Q "

Next,

sin (@ - a ) + 2 sin g cos e
i

sin g

sin (O + a)

sin g

74 is then reduced to

cot Ol sin (@ + a) dlnV - sin(Z dlny - sin (g + a)
sin @ sin@

.dQ =0
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_II, C, The compatibility _quation (cont.)

dO - cot adlnV + sin G sin @
sin (@ + @ dlny : 0

i.e.

d@ - c_t6 .dV +
V

sin_ sin O dy : O.
sin (0 +_) y

(Eq 74)

•The possibility of deriving Equation 74 from the constancy of_,_2 , _3 atongDE

gi_S _S _e assurance that the asstmption o_ constancy elk
2,_3 is mathematicaliy

sound a_d physically compatible.
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IV. COMPUTATION OF THE OPTIMUM THRUST NOZZLE

A. IN TRODUCTION

The following is concerned with implementing the optimum thrust nozzle

design equations given by G.V.R. Rao. The equations are modified to place them in

a form more suitable for computation.

Equation 6_ Section III, can be written as

MC cos (e-a)
_ =
2 coss

Mc[.cose cosa ÷ sine sins]
i

cos _.

which is further simplified by using sin_

cos_ =

= I/M from which

MCk =
[ M_-I COS e ÷ sin_ ]

Equation 68 becomes

k v2 2 8
3 = Y p sin tan_

= ypM2C 2 sin20

Equation 14 of Rao's paper on the contoured rocket nozzle is

or

p _p'

sin2 e = e a cots at E

I V2
_P

2(P -P)

sin2 e = e a cotG

p M2C 2
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IV, A, Introduction (cont.)

Equation 3 of Rao's paper gives the length of the diverging section:

E

= x C + cot( e +_ )dy

x + lye cot e cota - I dy

I = c J cot e+ cota '
YC

I _Ye _ cote -_
II = Xc + II _ _ (Eq 78)"

% ooze÷

, I  f<7
• FLoW

!

!

| = ,
1

I If Equations 75 and 76 could be solved for M and e; they would be expressed as

functions of y. and ,hence could be substituted into Equation 7_, which in turn could

I t_en be integrated to determine L. Unfortunately, solving Equations 75 and 76 for

M: and 0 analytically is difficult because of the tabular functions p and C. They

I aze therefore solved pointwise by using a numerical iteration scheme. This requires
that a numerical scheme also be used for integrating Bquation 78.
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m
IV, Computation of the Optimum Thrust Nozzle (cont.)

B. _ NOZZLE LI_GTtt

At each interior point C the values of k 2' k 3 can be computed using I

Equations 75 and 76. These values of A2' k 3 then determine a control surface as

2' k3 are constant along a control surface. Equations 77 and 78 with conservation i

of mass additionally define an unique optimum thrust nozzle.

m
L is computed using Bquation 78 with the initial point of integration

known. The integral is computed by subdividing the interval C-E into small H(Xc,Y c)

subintervals and accumulating the contribution in each subinterval. Let a subinterval
J

be between the point A, B as in the figure below. > 8 •

|

,. i
i

Prom the figure, the length of the nozzle to B, by Equation 78, becomes: H

._AB _ cot _- 1X B = xA + dy
cot 8 ÷

Using average values of the variables across the interval AB gives

cot( 0 AB ) - 1

XB = XA + ( ') (YB-YA)

cot( O AB ) + _M2AB-I

(Eq 78)

I
I
I

I
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IV, B, The Nozzle Length (cont.)

Choosing Ay = YB-YA = constant, determined from the size of the nozzle, we can solve

Equations 75 and 76 for @B and M B using the Newton-Raphson Method for use in

Equation 78 and hence obtain XB. This process of incrementing y, solving Equations 75

and 76, and integrating Equation 78 forward one step is continued until y = Ye"

C. M AND @ON THE CONTROL SURPACE OR EXIT CHARACTERISTIC

L :

The Newton-Raphson iteration method is used for solving Equations 75 and

76. This method is used because it converges rapidly when good first guesses are

used for the variables. In this case, with fine spacing, M and 8 at the previously

determined point will be close to the desired M and @.

The Newton-Raphson method is derived from the Taylor's Series expansion

of a function of two variables.

8f(xk,Y k) Of(xk,Y k)

= = , + (y-yk) + ...O f(x,y) f(xk Yk ) + (X-Xk) 0 x 8 y

_g(xk,Y k) Og(xk,Y k)

= = + (y-yk) + ...O g(x,y) g(xR'YR) + (X-XR) 0 x O y

f(x,y) and g(x,y) are set equal to zero since we desire the x and y which satisfy

the equations.

Truncating the series and letting

we have

Ax = Xk+ I - xk and Ay = Yk+1 - Yk'

f(xk,Y k) + AXfx(Xk, _) + Ayfy(Xk,Y ,) = 0

g(xk,Y k) + AXgx(Xk,Y k) + Aygy(Xk,Y k) = 0

which is a pair of linear equations in the unknowns Ax and Ay.

Axf x + Ayfy = -f

_xg x + Aygy = -g

f'g'fx .... all evaluated

at Xk,Y k .
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IV, C, M and e on the Control Surface or Rxit Characteristic (cont.)

which upon solving gives

Ay =
gfx - fgx

fygx - gyfx

Ax = fgY- gfY

fygx - gyfx

Yk+l = Yk + Ay

Yk+1 = xk + Ax

2

Thus in our case, let

g(M,e ) = k

f(m, e ) = )%
3

I + sin e 1+ MC COS e

+ ypM2C 2 sin2e

differentiating with respect to M and@;

= 0 g =, MC Isis 0 cosO ]gG oO

(Eq 79)

(Eq 80)

(Eq 81 )

(Eq 82)

'Of yp M2C 2 sin28 (Eq 83)

f8 = WO"-=

sine .dC. sine

+ + t_) )3/2gM = _M = C @sO M2___I _ M os @ +---

(m2_1)3/2 C + M _) (M2-1) ( cos -

(_q 84)

2 8
fM - Of = y sin

dC _p M3C2sin 2 e

M2C2_-÷ 2pcaM ÷ 2pM2C_- '(M21)3/2

MCy sin2@ ( dP dC c(M2-2)}= MC(_--) + 2P(_) + P --
M_-I M2-I

(Eq 85 )
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IV, C, M and Con the Control Surface or Exit Characteristic (cont.)

Note that d9 and dC
dM _ are Obtained from the tables p (M), C(M) using numerical

I differentiation. . ^ _ gfM _ f_M

a _ - fogM - go fM

I AM = fg 0 - gfo

fogM - gofM (Eq 86)

I O k+l = O k +

I Mk+ I = M k + AM

From given first guesses for M and e, calculate f, g, f e' g e , fM and gM" With

I these values calculate AO and AM fromwhich are obtained new values for M and 0 .

i This process is repeated until the change in M and 0 is negligible.

D. FINDING THE EXIT POINT

I
The integral for nozzle length is computed until the exit point is reached.

I The exit point is determined from conservation of mass flow. D

I

I

I

I
I

I
According to the above figure, the total mass flow through the area from A to B must

also pass through the area from B to E. Because we have built the characteristic

,etwork, point by point, to get to point B, we can integrate the mass flow between
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IV, D, Finding the Exit Point (cont.)

A and B by summing repeated applications of Equation 50. The mass flowing between

B and E can be obtained by the same method. In integrating the mass flow, we have

to interpolate on x and 7 to obtain the true exit point•

D

C_

Assume that in integrating from C to D we pass over the mass balance point E, then

denote the mass-flow rate between A and B by _AB' between B and E by mBE' etc. Then

Then from the figure

YD - YC

I

I

I

I
I
I
I

I
i

_BD = _C + &_CD A_ from Eq 50

I

_A_B < rhBD therefore mBD - faAB > O I

em

mAB > mBC therefore mBC - mAB < O i

Lt_

,y I
I

i

YD - YE YE - YD YE - YD

_D - mBE _hBE - thBD mAB - thBD
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IV, D, Finding the Exit Point (cont.)

mAB - mBD

Therefore YE = YD + A_ (YD - YC ) (Eq 87)

mAB - mBD

and xE = XD + A_ (YD - YC )

[_eratio_ is necessary to obtain the correct XE, YE as the mass flow does not vary

linearly from C to D.

E. COMPUTATIONAL PROCEDURE (Summary)
, .m

I
• Denote _m

I
I

I

I
I

I
I
I

In this section we will assume that we have an i_Derior point having

the integrated mass flow from A to P by hap. NOTE: map < O. At the point P the

values of Xp,yp,Mp, O P are known and therefore interpolating in the tables for

C p, a-a-P
' dM

dC
and _ , yields the values at point P.

sin_p
k = -MpC cOSep +

2 -¢%2 _,

YP p Mp2C 2 2sin ep
_ = -

3 /

V-_/M2p -- 1

Compute J

Page 45



IV, E, Computational Procedure

Choose Ay such that it is

the grid upstream of point P;

Now we can compute Mpl

I
Report NAS 7-136-F, Appendix C

I

edure (Summary) (cont.) I

a

approximately one-fourth the average Ay used in computing a

YP1 = :t ;; :he:, '. '. • ' I

•M( and. nOPl(o)USing; _.quations 80 through 86. Use _ and e p as I

Mp ana v PI : ,

,.
•,2 2 .2 0

f k + YPI _MpIC sln PI I

= 3 '2

r ,, co_%1 1
=-'_1_ [_o=,,_ _ j

Yrl p _1 sin20 p_
fo = I

I= (_)(_l")( cosepl+sin8 pl)-_lCsineP1
gM (M_I_I)3/2

28 " I

fM %ICYpI sin PI [_ dC M2pI'2 ]
= IC(_ ) + 2p _-_ + pC(-_--=_--)

Mpl-1

where C I p _ and dC' ' dM _ are all taken from our tables at M = _i' then

n 0 = gfM - fgM

f8 EM - g8 fM

AM = fg8 - gfo

f_ gM - germ

I
I

I
I
I

8 (1) = e (0) + A e
Pl Pl
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IV, E, Computational Procedure (Summary) (cont.)

Return and calculate g, f, etc. until AM and A @ are less than some predetermined

allowable error.

Now that YPI' e

_quation 78{

P1 and Mpl are known, we can calculate Xpl using

Xpz = Xp _.
(ay) _ PI-I cot(epp1)-1)

cot( 0 ppl)+ M2ppl-1

Mp + _i'

"_P1 : 2 '
8 + 8
P P18 =

PPI 2

The Wmss flowing l_etween P and PL is given by Equation 50

I _ = p÷pl

A_* = 14---_p-CMpPI('YPI+YP ) AY _os_ ppl-(Xpl-Xp)Sin_ppl

f_ _ Cp !÷ %1
and C =

2

I

I

I
I

I

There£ore, the mass flowing between PI and the uppe_ boundary is

- 6 : - (a6 + 6Ap)

Increasing y by Ay and repeating the above process for P2' P3' P4 will eventually

Rake _ > O. At that point we have passed the exit point and hence must interpolate

for the coordinates of the point which makes m = O. There are obtained from

Equation 87

'mAB-mBD

YE = YD + A_ (YD-Yc)

_AB-%D
xE = XD + Afa (7D-7C)
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IV, E, Computational ProCedure (Summary) (cont.)

Once points On the exit characteristi_ are known, along with the total

mass flow passing through the a_ea A_ and PB, it becomes a simple matter t_ generate

the nozzle contour itself. By repeated applications of the equations for generating

interior points, we can g¢Oerate the characteristic network in the region AP and P_.

Points on t_e nozzle contour are obtained by integrating the mass flow along each

characteristic and interpolating for the point where the total mass flow between P

and the point is a constant.
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SYMBOL LIST, PART i

2
throat area, in.

geometric loss parameter

vacuum thrust coefficient of a nozzle with geometric losses only

one-dimensional vacuum thrust coefficient

gravitational constant, 32.2 ft/sec 2

length, in.

Mach number

weight flow rate, ib/sec

unit vector, outer normal to S, number of throats

pressure, psia

radius of equivalent circulary throat = At/_-

radius, ft

control surface

gas velocity, ft/sec

half-angle of cone and wedge nozzles, °

area ratio

ratio of specific heats

density of gas, ib/ft 3

Mach angle, sin -I I/M

Prandtl-Meyer angle

chamber

exit

.th
designates i

lip of base

control surface
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P

Ps
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a

e

P

PQ

t
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SYMBOL LIST, PART 2

sound velocity, ft/sec

interal energy, Btu/lb

thrust, lb

enthalpy, 8tu/lb

aass-flow-rate, tb/sec

V
Mach number = _, (-)

number of moles i'th constituent

pressure, lb/in 2

entropy, Btu/lb

component velocities in x, y directions, ftlsec

flow velocity, ft/sec

cylindrical coordinates x = axial,,y = radial, in.

c
Mach angle : sin ¢ = _, (-)

ratio of specific heats, (-)

flow angle u = V cos @, v = V sin @, (-)

partial molar free energy i'th constituent

density, ib/ft 3

wall radius upstream of throat, in.

= O, 2 dimplane, = 1, axi-symmetric flow, (-)

potential function, ft2/sec

ambient

exit

valueof variable at point p

average of value at P and at Q

throat
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Performance of a Conical Nozzle

Figure 3
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FIGUEE LIST

Effect of Expansion Ratio on Performance Loss Pc = lO00 psi
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PROPELLANT SYSTEM

Propellant systems that contain a metal additive such as aluminum have

solid or liquid particles or both in the exhaust products. The specific com-

position of the particles will usually vary. This variation is not of significance

in an aluminum system except at particle contents above 30 to 35% (by weight) of

the exhaust flow. In this slope range of particle content, the aluminum system

will usually tend to increase its particle content through condensation or by

chemical reactions of other species which do not appear in significant quantities

at lower initial concentrations of aluminum (AI, Al/liquid, AI20 and AiN/solid).

The propellant system investigated was N204/Aerozine 50 and an aluminum additive.

The amount of aluminum introduced into the Aerozine 50 produced weight percents of

particles in the exhaust products of 18.9%, 33.8_ and 41.2_. The identity of the

oxidizer and fuel components is improtant only as the oxidizer and fuel affect the

ratio of specific heats of the gas. For a specific particle content, size, com-

position, and nozzle, the net vacuum performance loss is affected only by the ratio

of specific heats for the gas. By varying the initial particle content with no

change in the overall oxidizer to fuel mixture ratio, the effective mixture ratio

changes considerably. Consequently, the effective ratio of specific heats of the

gas can vary significantly. This variation in effective ratio of specific heats

leads to some anomalies in the data presented in Figure i.
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II. PARTICLE IAG ANALYSIS

The magnitude of the thermal and velocity lags in the gas particle exhaust

system and the resultant performance degradation are functions of the specific

nozzle to be used as well as the inherent properties of the particles and gases.*

A one-dimensional flow of a thermally perfect gas and constant gas viscosity is

assumed in this program.

The assumed mathematical behavior of the particles in the analysis program

is that the particles: (i) have negligible volume, (2) have no partial pressure,

(3) become a supercooled liquid below their fusion temperature, (4) are not permeable

or porous, (5) do not change their chemical identity, (6) have a heat transfer co-

efficient that is a function of the gas Reynolds number:

2 gCpg/Kg)°-

K

g + 0.37 (ReO'6) ( /j .33 (Eq i)
h = D7

and (7) a drag coefficient, CD, that is a function of the Reynolds number:

< o.i cD : 24/R0 _ Re __ } e

o.i_ R <---2000
e J CD : 3.271 - 0.8893 in (Re) (Eq 2)

+ 0.034117 in2 (Re) + 0.001443 in 3 (R e)

In addition to these general assumptions, the program is limited by restric-

tions that: (a) do not permit consideration of a particle size distribution, and

(b) allow only one particle substance of constant properties. Also, the nature of

the mathematical formulation prevents the evaluation of performance with particles

of zero diameter. This latter restriction affects the validity of computer program

results as the particle size becomes very small in relation to the nozzle size; in

fact, Equation i becomes indeterminate at zero particle diameter. Since the

* The mathematical formulation of the two-phase flow analysis program is presented
fT_ • IT

in Glauz, R. D., _omblned Subsonic Supersonic Gas - Particle Flow, ARS Preprint

No. 1717-61, April 26_ 1961
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II, Particle Lag Analysis (cont.)

definition of ideal performance is equated to performance with particles of zero

diameter, it becomes necessary to use an independent approach to evaluate the ideal

performanee_ which is defined as that performance value realized when no velocity

or thermal lag exists.
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III. IDEAL PERFORMANCE
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I

I

The method used to obtain ideal performance is that presented by M. F. Diels.* I

This method makes use of the same assumptions as the two-phase flow analysis program,

and within these assumptions of one-dimensional, frozen flow (constant ratio of I

specific heats), this method makes no approximations, and is exact. Basically the

method presented by Diels involves determining an effective ratio of specific heats I

(Ecuation 3) from which the Mach number of the gas may be computed by employing

one-dimensional, isentropic flow relationships. I

E(effective) = N = i- _ (Eq 3)

where Z = _g

y

and, W =

velocity lag = i +

velocity lag constant = i +

temperature lag constant = 1 + (_g / (_p-_g)

(Toc - T )
P

(Toc- Tg)

I

I
In calculating the ideal performance (no thermal or velocity lags), these

expressions reduce to:

i
N : i - -

W

Z : i+ -_P

g

= y

* Diels, M. F., "Performance of Rocket Nozzles with Gas-Particle Flow,"

Aerojet-General Corporation Technical Memorandum No. 136SRP, 20 May 1960

I
I

I
I

I
I
I
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Ill, Ideal Performance (cont.)

and W = ! +
p

m

\ g

Sonic velocity at the throat is calculated in Equation 4.

,; N _ T
(Vt) g = (N ÷ i ] 2 Rg oc

L /

Gas-particle velocity at the exit plane is found by Equation 5,

(Vgp) e = Vtg M*

and specific impulse may then be computed by Equation 6

Is = Yg (Vgp) +Ag e e (Pe " Pa)/(_p+ _g)

Page 5

(Eq 4)

(Eq 5)

(Eq 6)



Report NAS7-136-F, Appendix D

IV. RELATIVE PERFORMANCE

The simplifying assumptions made in the computer analysis program and ideal

performance formulations concerning the nature of flow result in absolute values of

performance and performance loss that are not a realistic approach to the problem

of making quantitative performance predictions. Data resulting from this investi-

gation has been prepared primarily in the form of proportionate loss factors. These

factors may then be applied directly to equilibrium-flow, thermochemical predictions

of vacuum specific impulse to compute absolute performance.

The assumption of constant particle identity is, of course, not made in using

the thermochemical calculations_ because it is assumed that there is chemical equil_

brium. However, the difficulty is minimized by assuming the particle composition

and content that are predicted for the throat region using the thermochemcial calcu-

lations exist throughout the nozzle, because this is the area where particle effects

are most severe. This approach is used in lieu of a more exact method of analysis,

which would involve the direct use of equilibrium-thermochemical procedures in the

particle flow analysis. Computations of this nature are presently beyond the state

of the art.

V. PROPELLANT AND NOZZLE PAffKa_METERS

The ratio of specific heats of the gaseous components of the gas and particle

system investigated was approximately 1.2:1. All calculations were made with a

chamber pressure of I_000 psia and vacuum exit conditions with a conical nozzle

having a 15 ° divergence angle. Upstream and downstream blend radii were 2r t and

0.2rt, respectively. Several particle sizes were investigated: primarily 2 and

5 micron dia, but the 41.8_ particle content case was investigated also at 8 and

i! micron particle dia. The effects of nozzle size and expansion ratio were also

investigated. Three discrete nozzle sizes were used to give a wide range of infor-

mation. Throat radii of 1.0, 7.5 and 15.0 in., and expansion ratios of 12:1, 20:1,

30:1, 40:i_ and 50:1 were selected for specific investigation.
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VI. G_ERAL DISCUSSION
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The most difficult factor in the prediction of performance degradation caused

by two-phase flow is the selection of an effective particle diameter. Since the

resultant loss factors are extremely sensitive to the particle size assumed, this

selection is critical. Numerous attempts to make an accurate determination of

particle sizes and their distribution have been generally unsatisfactory. Infor-

mation concerning solid rocket motors indicates that the size of the particles in

the exhaust stream may not depend on either the initial size of the metal additive

or motor size, although there is evidence of some size dependence on chamber pressure.

__e primary controlling function of particle size appears to be the propellant system

itself rather than any engine parameter. Experiments on the pentaborane/hydrazine

system_ for example, resulted in particle diameters of 0.03 to 0.i microns.* Particle

diameters of this magnitude produce no discernible lag effects and the system behaves

essentially as an ideal gas.

It is not clear whether or not particle size changes along the nozzle axis

or whether the change is an increase or decrease in size. Measurement devices

have generally been some physical collection technique downstream of the exit plane .

A technique of this type disturbs the system being sampled. The extent of this

disturbance and its effect on the results is not known. The result of these attempts

is that accumulations of particles have been sampled whose mass mean diameters are

about 2 microns (in systems which utilize aluminum as an additive). The aspect

that makes the particle growth factor important is that the performance loss is

most sensitive to particle size in the throat region. Consequently, even knowing

the particle size distribution at the exit plane or beyond, does not necessarily

tell us accurately about particle size in the throat region. The size of the

particles to be expected from a liquid rocket engine is also unknown. However 3

it has been assumed that a 2-micron particle dia will adequately describe a system

whose particles are primarily aluminum oxide. The data presented in Figure 1

makes this assumption.

* Hoglund, R. F._ Saaiars, "Expansion Nozzles for Gas-Particle Flows,"

Aeroneutronic Technical Report C-1232, 20 April 1961
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VI, General Discussion (cont.)

Evidence also exists that the particles maybe porous. Such porosity would

tend to compromisethe validity of the lag calculations. There is little evidence

to support the belief that such porosity exists in the throat region if it exists

at all. If evidence sufficient to warrant a revision of the data appears, the

difficulty could be easily circumvented by assuming a different effective particle

diameter, or by a recalculation using a modified particle density.

Generally, performance efficiency decreases with increasing particle diameter,
decreasing expansion ratio, decreasing throat area, and increasing particle content

to someminimumpoint. It has been established that contraction ratio, convergence

angle, blend radii and effective divergence angle will also influence the losses

from two-phase flow. Previous works* have indicated that an effective divergence

angle between 20° and 25°, and blend radii of about 3xr t are about optimum to maxi-
mize specific impulse for a 5K-ib thl_nst solid rocket motor. These values are

approximate and dependupon the propellant and nozzle parameters used.

The specific contour of the nozzle to be used is a significant factor in

determining the losses caused by a two-phase flow. These losses can be classified

into two distinct areas: (1) losses causedby particle size and quantity that

result in thermal and velocity lags_ and (2) losses caused by the contour of the

nozzle. This secondgroup of losses should not be confused with losses normally

referred to as "geometry losses _' that is, divergence loss. Two-phasegeometry

losses are incurred in addition to the normal divergence losses. A concial nozzle

of the same length and expansion ratio as a bell-shaped nozzle will generally

experience less two-phase loss than the bell nozzle. This is because the initial

divergence angle of the bell nozzle is greater than the conical nozzle, which

* ibid,, Hogland, R. F., and Saalars
Ditore, M. J., Haigh, "MinutemanNozzle Contour Development Program Phase I
and Phase II," AeroJet-General Corporation, Technical MemorandumNo. 158 SRP,
27 February 1961
Kliegel, J. R. Nickerson, "Flow of Gas-Particle Mixtures Through Axially
Symmetrical Nozzles," Space Technology Laboratories, TR-60-000-19286
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VI, General Discussion (cont.)

by the ratio F/P c . There is some question as to the validity of F/P c as an exact

theoretical p_rameter that can be used to describe the relationship of particle

size and nozzle size to performance, because F/P c varies as a function of expansion

ratio and is not a measure of throat size alone. However, the effect of this

inexactness is slight in view of the indeterminacy of the particle diameters. Until

such time as an effective particle size is definitely known, the use of F/P c as a

relative size parameter should be adequate.
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LIST OF SYMBOLS

A Area (in. 2)

CD

C
P

D
P

F

Drag Coefficient

Specific heat at constant pressure (ft2/sec2°R)

Particle diameter (microns, ft)

Thrust (lh)

G

h

I
S

K
g

Particle content/%

heat transfer coefficient ( ft-lb
sec.ft2o R j

Specific impulse (sec)

( ft-lb
thermal conductivity _ft - sec°R j

mass flow (lb/sec)

M* Mach No. referred to throat conditions

N

P

R

effective ratio of specific heats

Pressure (lb/in. 2)

gas content (ft2/sec2°R)

rt throat radius (in.)

P
e

T

.°,

O

V

Reynolds Number

temperature (°R)

velocity (ft/sec)

Greek _otation

P

ratio of specific heats

expansion ratio

density (slugs/ft 3)

gas viscosity (ib-sec/ft 2)
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a

c

e

g

P

t

ambient

chamber

exit plane

gas

particle

thro_
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LIST OF SYMBOLS (cont ..)
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Io SUPERSONIC REGION

The swirling flow nozzle, as applied, is relatively new, and unlike the plug

and expansion-deflection nozzles, adequate analytical techniques for treati_ it

have apparently not yet been developed. Mager* has analyzed this type of flow for

one dimensional axial flow, neglecting the radial component of velocity. The prob-

lem has been reformulated to include the radial velocity component and to develop

the characteristic equations to permit a better performance estimate to be made.

The analysis is summarized below.

A. THE POTENTIAL

We shall assume an irrotational flow through a nozzle with swirling

flow. Cylindrical coordinates are of course most appropriate in this case.

r_ V

Xjt_

Define a potential function so that:

V = _r _, W = _ = _ , U = _X
_r r_e r

Irrotationality:

X V = 0 : _u _wr = O, 8v = 0,

*Mager, A., "Approximate Solution of Isentropic Swirling Flow Through a Nozzle"

ARS Journal, August 1961
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I, A, The Potential (cont.)

8pu 8pvr + 0pw
vp.V = o,r_ + 0r = 0

Euler's equation:

l
I

l
I

P d +_+w)d_ 2

From these we obtainJthe differential equation of the flow:

x ¢ox. 2 x r , +__£ i+ -- 0-2 @re -2_ _ xr r
ra ra a

where

2 2

a = a t

.... If the flow is such that

then ¢86 = @ x 6 = _

2

2 xx
a

Ce2 )"'[_ ¢2r + _ + ¢x2
r

@6, # x' and Cr do not change with 8

r e = 0, and T2ae e_uations of Zlow reduce to

#r 2 2¢ _ #r ( _e 2 '____)¢ _, x r ¢ +-- l+ ] =
rr 2 xr r ra-_--- 0

a a

i
This flow has a circumferential velocity _ _e = _ besides the axial _ x --u

= V. In the so-called axially sy_netric flow, the flow gand the radial _ r

properties are the same in all meridian planes passing through the axis of

symmetry. In each of these meridian planes the flow is two-dimensional, and there

is no flow crossing the meridian plane (i.e., _e = 0).

In our ca_e, as described by Eq i, there is for each meridian plane a component

flow velocity normal to the plane.
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I, A, The Potential (cont.)

r
o

r
o

A typical Velocity profile

for one station of the axis is

sho_ in the sketch to the

left. The flow is not axially

s_et_c in the usual sense.

As far as speed is concerned, there is no difference caused by e, soiour flo_may

be called a saalarly axial-symmetric flow.

Let us now obtain a preliminary determination of _ . First because

Cee = 0,

Next,

Ce -- f (x,r)and ¢ = e f (x,r)+ s (x,r).

0 = *xe = Cex = f (x,r)x

Finally,

and

.'.f (x,r) = h(r), no x appearing

0 = ¢ = _ = h(r)
r e r r

" h(r) = 5 = a constant

¢ = K1 e + z(x,r) (Eq2)
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I, Supersonic Region (cont.)

B. THESIGNIFICANCEOFKI

Our flow is different from the usu_l axial-Bymmetric flow simply

because of the presence of _.

Since

we have

1 8¢ K1
w

r 86 r

wr = KI

Let us confine out attention to a nozzle. Let R(x) be the wall radius at Station x.
f

Then the corresponding circumferenctial velocity at the wall is KI/R(x) and we can

denote it by w(x).

w(X)R(_) = K
i

In particular, at tNe throat area,

K]_,. = "_(x)R*(x) = Wmax Rmin.

This gives us a method to determine the constant KI.

magnitude of the flow.

K is called the swirling
i

Now

The velocity of the flow is given by

KI 2 2
2 2 = U2 KI U2 = 2v2 = _ +v +-_ ÷--_, u

r r

P = Pt

2
+_

i

= P

t 2at 2

It follows that r can not be arbitrarily small as

P _ 0--i_ _'i ( _ + KI2)2 --_
2a t r

+--_ ,y-1
r
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I, B, The Significance of K1 (cont.)

Hence, there exists a void Of radius r in the flow.
o

Note that

2
r
o 2 _=i (u2+v2)

at - 2

2 ¥-1 u2 2) 2 _'-i 2 2
at - -_ ( + = a + 7w _ a ,

so ro(X) is real, and exists as long as _ exists.

C. EQUATIONS OF CHARACTERISTICS

Because ¢ = 5 e + g(x,r),

Cx = g, _ -_ gr, #r xx

Eq 1 becomes

2

If we let

A

D _ m

r

xr = gxr' C e = K1

2gg
x r

_x - _
a

g +
xr

2

gx -gxgr
i B-

- --'2-' 2 '
a a

then Eq 4 becomes

=gxx' ¢ =rr grr,

2

gr
C=I-T,

a

Agxx + 2Bgxr + Cgrr = D

we have also

dXgxx + drgxr = dg x

dXgxr + drgrr = dg r

Page 5
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I, C, Equations of Characteristics (cont.)

So]ving for gxx' gxr' grr:

ID 2B

Idg x dr

dg r dx

gxx -i_ 2B
dr

dx

0

dr

, g -
xr

ir I

dg dr
x

dg dr _ dx
r

, grr =

D D

D

dg
X

dg
r

Putting the numerator and the _enominator of gxr at zero,

A(dr) 2 - 2Bdxdr + C(dx) 2 : 0 (Eq 5)

Adrdg x - Ddxdr + Cdxdg r = O

If we eliminate A from Eq 5 and Eq 6, we obtain

(_q 6)

_ 2B_r_gx + D(dr)2 + C(_g x - ar_gr) = 0,

Which is the numerator of gxx o Next, if we eliminate C from Eq 5 and Eq 6_ we

obtain:

_ Ddx 2
A(drdg x dXdgx ) - 2BdXdgr + = 0,

which is the numberator of grr" So, along the characteristics given by Eq 5 and

Eq 6, there may be discontinuity of gx and gr' but gxx' gxr , and grr are in

general finite. _
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I, C, Equations of Characteristics (cont.)

From Eq 5,

Therefore,

_r) B +-_/B2 - ACI, II = A

2 2 (l-gx _ 2 2 2-gxgr + V__ _ - -gr + gx gr--T- - T T --T-
a a a a , a

2
a

-_/g..2 2 2
-g_.g_ +_ a + gr - a

I V A

,r

2

a " gx

dr) uv + a -_ u2 2 2- - + v - a (Eq_)
2' 2I,II a - u

This on the surface involves only u, v, but actually we have the velocity of sound

a2 = at2 _ _-12 (u2 + 2 + w2),.

and thus w = m enters into the picture.
r

Next, from Eq 6 we have

2222 I )dv uv /: a _/u + v - a a v KI2

I, II = 2 2 _ 2 1 + V
a - v r(a 2 r 2

d'u I, II.

(Eq 61

We derived Eq 5' and Eq 6' on the supposition that

B2 - AC> 0,

Page 7
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I, C, Equations of Characteristics (cont.)

or that Eq 5 is hyperbolic. This in terms of u,v is

2 2 2
u +v - a > 0o

2 2
In case of axial symmetric flow, u + v is the square of total velocity, and if

the flow is supersonic this condition must be satisfied,: In our present case, it

Ls not necessary that

2 2 2 2> _ 2 2 2>u + v + w - a 0 u + v - a 0

2 2 2
(i e., even though the flow is supersonic, u + v - a may be less than zero).

2 2 2 >
If u + v - a 0, then Eq 5' _nd Eq 6' give real characteristics.

That is, each equation offers t_o distinct directions.

D_ METHOD OF CHARACTERISTICS IN A SUFFICIENTLY sUF_RSONIC BEGION

.2 2 2 2 2
If now _ - w = U= u + v

2
> a we can e_ablish

u = U cos _ and v = U sin _,

-'__,,**,___.B is the projected flow direction in a meridian plane°

a i - a
- = sin _ - - < i, U = Ma
M

_ a

then

Defining

V_ 2-uv +_ a - a

2 2
a - u

-sin _,_cos _ t sin

2
sin _ - cos2B-

U

2 -1/:2 2
-_ sin _ co__ + _ U - a

2 2 2 2

U sin _ - U cos

cot_ -sin_ cos_ ! sin a cos

1-cos 2_ i + cos 2

2 2
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I, D, Method of Characteristics in a Suffieiently Supersonic Regio_ (cont.)

-sin 2_ +_ sin 2a

-(cos_ _ + cos_)

sin 2_ _ sin 2

cos 2 a + cos 2:_

2 sin (:_; = ) cos (# t _ )
2 cos (=+8) cos (=-_)

Therefore Eq 5' becomes

(dr)_ I, II = tan (_)
I w

This can also be .written as

(dr)i,i I = tan (_Y_0_) (dx)i, ii

Eq 6' can also be expressed in terms of U,_.

First

UV ÷ a a

2 2
a - v

2
U sin _.cos _ _ a2 got

2 - sin%)U (sin2a

sin 21_ sin 2 s_ (_; _ )cos (_±

sin(_+_) sin_'-_)

,)

Next,

2 12 2

-a v = _IU- sin _ sin_2

2 2 2
a - V U (cos28 cos2a )

2
-2 U sin G sin

2 sin (8+_ )sin(_-_)

Page 9
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I, D, Method of Characteristics in SuffieientlySupersonic Region (cont.)

It follows that Eq 6" becomes

I =_cot  +o +u sio2osio ( rld-u I, II r sin _+_ ) sin _-_ ) B _u I, II

or

U sin 2a sin

Now

u =

V

The re fore,

sin_ + cot (_+_) Cos _ I, II

thus

i.eo_

- U sin _ ]

+ U cos _ - U sin _ cot _+(_ ) =

cos (_-g-_)(_+ U sin _ +_sin _+_ ) sin _ i _ )

I, II " cos

r I, II

sin _ tan _sin

si_ (_)
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I, D, Method of Characteristics in Sufficiently Supersonic Region (cont.)

I

I

I

I

I

I

I

I

I

or

r

1 = i- tan S + S

U I, II r

2

S=I+KI

Z"J-

sin ( _$S ) I, II"

(Eq8)

U 1/I 3

__ U2

2

We have from Eq 7

r3- rl=tan (_l'Sl)(_ 3-x l)

r_o - r2 = tan (_D +S._)(x_a - x2)

Conditions at positions i and 2

are known; hence

x3 and r 3

can be found.

Next, we can rewrite Eq 8 as follows:

I (dU) = _ tans , (_)l, II + S sins tan,_sin_ (drU I, ll _ sin ('_'¥_I )I, II

$ cots (dU)i, = (d_ )l, II_ sins tans sin_,.. _S cots (dr)I, iiU II sin (_:$S) r

sin S sin_

-)I, _ cot(X (dU) + ' -.'. (d_ II = + U I,II - sin (_$s)

S

j (dr)I, II

And in difference forms:

cot S I sin _ sin _ SI

_3 - _l = - U 1 (U B - UI) + 1 . 1 __ _ )sin ( _ i "S 1 ) r (r3 rl-

cots2 (u3 u2) sin a2 sin_2 S2 ,
3" _2 = U2 - +sin (_2 +s 2 ) r7 _r3" r2)

Page ll
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I, D, Method of Characteristics in Sufficiently Supersonic Region (cont.)

From these, _ 3 and U3 can be found.

Thus, wehave seen that in the region where

2 2 2 2 2 2
U = V - w = u + v _ a

We can apply the method of characteristics for axial symmetric flow, with only

slight modification due to the factor
2

K
i

S=I+
2 2

r a

Close to the throat region, the circumferential velocity \V is large and the total

velocity is nearly equal to a; hence U _ a. The potential equation is elliptic

B 2as - A C _ 0. There is no real characteristic, and the foregoing method cannot

be applied° In order to handle the complete flow field from the throat to the exit

944 throat area.area, we need a counterpart of Sauer's work of i on

It is to be recalled that our swirlin_ flow is not axially symmetric,

not one-dimensional. Because of the existence of El , the swirling magnitude, there

is a core of void described by

2
r
o 2 _ 2 v__A t - ( u +
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II. TRANSONIC REGION

The potential equation of swirling flow is, from Section A, Eq (4)7

(a2 - gx 2) gxx = 2gxgrgxr + (a2

2 gr K 2

= gr ) grr + m (a2 + 1r -_--) = 0 (i)
r

where a = local speed of sound in swirling flow. For isentropic flow of a perfect

gas this may be represented from an energy balance as:

2 2 _-i

a = at 2 Igx2 + gr2 + (Kr_ 2 I

where a* 2 2 2 i 2 2
= _-_ at - = _ at

(2)

Note that a* is not the critical sonic velocity of the swirling flow. It is the

critical sonic velocity considering the x and r components of velocity only, or the

"axial" sonic velocity. The parameter C_* is defined

The axial sonic line is given by

2 2 =a.2
gx + gr

A velocity perturbation potential is now assumed similar to the method used

by Sauer* for finding the characteristics of the flow in the vicinity of the axial

critical curve:

gx = a* + gx*

gr = o + gr_

* R° Sauer, General Characteristics of the Flow through Nozzles at Near Critical

Speeds, NACA _ No. 1147, 1946.
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II, Transonic Region (cont.)

Substituting (2) and (3) into the coefficient of gxx in Eq (i),

2 2 _+i { *2

a - gx :--7- _ gx
+ 2 a* _ _ -i *2

gx* / " -7- gr

*2 *2 terms_
_nd_ ignoring the gx and gr

2 2

a - gx - (@+ i) a* gx*

Similarly, the coefficients of the third and fourth terms of (i) may be evaluated as

*2 I _ +i *2 *22 2 *2 _-i 2 a* + gx -- gr _ aa - gr = a - -_- gx* - 2

a + N a + --

Equation (i) may then be written as

*2

- (_+ i) a*gx*gxx* - 2(a* + gx* ) gr* gxr* + a

r=E I
grr* +

= o (4)

Sauer also ignores the second term of this equation_ since gxr* approaches zero

as x and r approach zero for axisymmetric flow. Since the axial sonic line in

swirling flow is expected to be closer to the throat plane than for axisymmetric

flow_ this approximation also applies for swirling flow, and Equation (4) becomes

(comparable to Sauer's Eq 8):

"2 gr* I "2 (KI) 2 1(f+ i) a*gx*gxx* = a grr* + --r a + _- (5)
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II, Transonic Region (cont.)

Assuming the perturbation potential of the form

g* (x, r) = fo (x) + r2 f2 C'x) + r4 f4 (x) + .....

The perturbation velocities gx* and gr* become

, + r2 f2'+ r4 f , ..gx* = fo 4 + "'"

gr* = 2r f2 + 4 r 3 f4 + .....

4
and Eq (5) becomes, ignoring r and higher powers of r,

(6)

(_+ I) a* [ fo f " + r2 (Ifo f2' o .....' o ' f2" + f ") +

2

4 a.2 (f2 + 4 r2 r2 IK1)= f4) + (2 f2 + 4 f4) _-

!

Now, assume fo ' f2' and f4" may be represented by

(7)

fo' = Co + CI x, f2 = do + dI x, f4" = f4' = 0

so that (8)

TT

fo = CI' f2' = dl' f2" = 0

Equation (7) is an identity which must hold for all values of r between o and rt.

It may therefore be solved by arranging each of the terms in order of powers of

r and equating coefficients of the powers of r to zero. However, since a* is a
*2

function of r, it is necessary to square both sides, substitute a from Eq (2),
4

and multiply r . This results in
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II, Transonic Region (cont.)

2(_+ i) CI2 (at 2 4 _-i i_2 r 2 ,2 2 r 4r 2 )(fo + 2dl fo' r + dI ) (9)

64 (f22 + 8 f2 f4 r2
i_+i)2

+ 16 f42 r 4) I( e- 1)e _:l4
L_ 2

---1

_2
2 4 4!

- (_- i) at2 r + at r

32 v,-i _2 2 2+ y'+ i k_2 (" 2 f22 + at f22 r - 3( _'- L) f2 f4 mi2 r2

- 4 (_- i) f42 _2 r4 + 6 at2 f2 f4 r4 + 8 at2 f42 r6

+ 4 KI 4 (f2 2 + 4 f2 f4 r2 + 4 f4 2 r4) (9)

The coefficients of the r4 terms result in

2(_+ i)CI 2 fat 2 (CO + CI x) 2 -(_-I)_ _2 dl (CO + CI x)]

64
%4 (% + dl x)2 + (ll 5_) %2 _2 f4 (do+ dl x)

+ (3Y'4"5)2 f42 _4 ]

This is an identity in x. Setting the coefficient of the x2 terms to zero results

in

1 Cl___2 (_____A)3/2 (_o)
dI = _- a t
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II, Transonic Region (cont.)

6
Equating the sum of the r coefficients to zero,

2(Y_+ i)Cl 2 fat2 2 dl f'o _-12 K_ dl 2 ]

= 64 8 f2 f4 at4 + 256
(_+ 1)2 (_+ l)2

(5 - 3_) fj at2 kl 2

This is again an identity in x.

4(#'+ i) Cl2 at 2 dI C1

and f4 = c13 . (_f__.)3
16 at2

Considering the coefficients of x',

64 4
8 dI f4 at

( "_+ l) 2

(ii)

Now at the wall of the throat the flowcan have no radial velocity, so that if

the origin of the x - axis is selected at the throat,

and

gr (°I_'rt) = 0

gr* ( __o_Wrt) = 0

Therefore, from Equations (6), (8), and (ll),

d __

O
C13 rt22 (___)3

8 a t

(12)
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II, Transonic Region (cont.)

Equations (i0), (ii), and (12) determine dl, f4' and do in terms of CI. CI may be
determined by considering the flow at the wall in the vicinity of the throat.

From the figure, it maybe seen that

gr* _ gr* grx* a_s

= _ a_ + gf_ _-a* + gr* a* + gr*

The curvature of the wall at T is then

i d_ lim gr*x lim gr*x

= ds x_o a* + gx* x_o a* (i + gr* )

a_

Using a series approximation of the denominator3 ignoring powered terms of gr*'

and substituting Eq (6),

i lim gr*x (i - gr*] lim 2r f2' 2r f2 + 4 r3f 4
: x_o a* a* " : x_o _ (i a* )

and, substituting from (8), (i0), (ii), and (12)

i

R

_ + 1 3/2
2 rt dI rt CI2 (--_--)
a* a* (rt) at

or, since a* (rt) = ,_ .2 (1 _2)at "_'_ l -

2

CI

2

at
i _ _*_2 2

2

R_,,. ( _'-_G )
(13)
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II, Transonic Region (cont.)

To obtain a formula for Co, consider the sonic line where gx* --_ o, so that,

from Eq (6) and (8),

2

Co + C1 x + r _ = 0

2

or, Co = - C1 x - r dI

At the edge of the void, the sonic line and the start (zero angle) line meet each

other, for Pa = O. Since at this point gr* = O, Clxmay be obtained by solving
tfk

Equation Loj

f2 + 2 r2 f4 = 0

or, do + dlX + 2 r2 f4 = 0

and substituting from (i0), (ll), (12), and (13) yields

2 2 o
rt - ra _I 2 --2.

CI Xa = 4R rt at_ _+ i (I -
(15)

By noting that at the edge of the void the speed of sound is zero so that, from

Equation (2) ra = rto_* , Equations (13), (14)3 (15), and (lO) may be solved for

C to yield
o

j

*2

- (1 + C<*2 ) 1 -O_ at rt 1 2 '
C° = 4R t+ 1 (16)
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II, Transonic Region (cont.)

Collection of formulas:

2at
Cl2 = (_+ 1

(12)_ (13)

at
d -- -o 8-

2 _l <-2)
R rt

(13)

(17)

at12(i0) & (13) dl- 2R rt

/
/

(ll) & (13) '_

(1- o_.2) (18)
g',+l

at (1 - O<*_) 3/4

f4 = _ 3/2

(R rt)

*2 1
- (1 + 04. ) at rt 1 - C_.2

Co = R 8 (_ + l)

(19)

(16)

Equation (15) is not restricted to the edge of the void, and may be used to deter-

mine the coordinates of the start line by solving for x and substituting CI from

Equation (13):

1 1 2(_+ 1) ' 2 2x = _ R rt (rt -r )(i-C<* 2) (20)

Note that for_* = 0 (no swirl), this reduces to Sauer's axisymmetric flow start

line. The equation for the axial sonic line is

X It+ 1 ' (1 +_2 r2 ) _2)1/48R rt 2 rt2 - (l

These two lines will meet only at r = rt
* with P = O.

a
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If, Transonic Region (cont.)

The related Mach number (considering x and r components of velocity only)

must also be determined for the start line. A critical mach number is defined as

2 2

-- *2 _ gx + gr

M - *2 (21)
a

m

It is used to compute the related mach number M:

I 2 _ *2 ] 1/2
,,w+ !

1 _+ i

Since gr = 0 on the start line,

gx gx*
--*= -- = i+ --
M a* a*

= l+u'

Hence

U ! _____

2

Co + CI x + r dI

a_

which, when combined with (13), (16), (18), yields

U ! 2I_ rt i I rtr - __) C_-2
(1 -o<..2)
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LIST OF SYMBOLS

Speed of sound

Speed of sound at stagnation conditions

Equal to wr

Related M_ch no._ equal to U/a

Radial distance

Void ratio

Nozzle throat radius

Velocity in axial direction

Related velocity_ equal to 2 2
u + v

Velocity in radial direction

Velocity

Velocity in circumferential direction

Axial distance

Related Mach angle

Swirl magnitude

Angle between U and u

Ratio of specific heats

Angular coordinate

Potential function

Density
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APPENDIX F

ANALYSIS OF AN AERODYNAMIC NOZZLE
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FIGURE LIST

Aerodynamic Nozzles

Aerodynamic-Nozzle Length, Primary Contour is a 15 ° Cone

Aerodynamic-Nozzle Length, Primary Contour is a 20 ° Cone

Aerodynamic-Nozzle Loss Factor, Primary Contour is a 15 ° Cone

Aerodynamic-Nozzle Loss Factor, Primary Contour is a 20 ° Cone

Length vs Loss Factor, Primary Contour is a 15 ° Cone

Length vs Loss Factor, Primary Contour is a 20 ° Cone

Conical Primary Nozzle Contours
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I . INTRODUCTION
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The aerodynamic nozzle, illustrated schematically by Figure I, is unique com-

pared to most other nozzle concepts in that a gas boundary rather than a _olid bound-

ary constrains the flow throughout the major portion of the nozzle skirt.

Attainment of high effective area ratios, the ratio of the area of the shroud

to the area of the throat, by the aerodynamic nozzle is possible by free expansio_ _,

of the primary nozzle gases into a cylindrical extension from the vehicle base° <hL:

cylindrical extension or shroud is of sufficient length that reattachment of the flow

occurs near its exit, resulting in a trapped gas pocket at a finite pressure which

results in constant pressure turning of the exhaust gases to the near axial direc-

_. A ......... fu±_1_d -_ the silruud I_a_±uu_ _ ......_ 5gachm_nt point and the flow defiectinr_

angle and corresponding static pressure rise satisfy the conditions for reattach_en±

of a turbulent boundary layer. These reattachment conditions are empirical and haw_

been determined for flow over a rearward facing step and around axial, symmetric

bodies with blunt bases. This data has been correlated with forward facing _Jtcp

flow separation data and the latter is used to solve for the static pressure ris,:

flow deflection angle, and the point on the shroud where reattachment occurs. Tn_

flow deflection angle is defined, in this instance, as the angle through which lh_

flow turns, through the reattachment shock, to the axial direction.

The current study was undertaken to determine the relationship be%_ee_

mary nozzle design, shroud length and overall expansion area ratio as well _s to

define the gas-gas interface and determine the relative perfoI_ancs of the r _:_]

nozzle based upon that for one-dimensional flow.

The design charts and loss factors presented on Figures 2 through 5 allow

design and performance analysis of the aerodynamic nozzle. The config_rations cc

sidered were limited to those with conical primary nozzles having expansion ares

ratios from 2 through 15. Cross-plotting of the results, however, would nossibi_

allow judicious extrapolation to other conical nozzles of different wall half-_n .....

or larger area ratios.
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I, Introduction (cont.)

The loss factors presented in Figures 4 and 5 define only geometric losses

and do not include frictional shear drag or other real gas effects, as the calcula-

tions were based upon the isentropic flow of a perfect gas. The shroud length

determined for each expansion ratio by this procedure offers the best performance

for that expansion ratio. Increasing the shroud length does not change the re-
attachment point and adds shear drag, while decreasing shroud length requires flow

over-expansion for reattachment with a consequent decrease in base pressure°
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II. PRIMARY NOZZLE AND FLOW FIELD

The eight conical primary nozzles selected (see Figure 6) utilized two skirt

wall half-angles: 15 and 20°; and four expansion area ratios: 2, 5, i0 end 15.

The flow field within these nozzles was determined by the method of characteristics

and points within the field near the nozzle exit then used to determine the constant

Pc

pressure_ constant Mach number free boundary at pressure ratios, _bb _ from i00 to
i000.

A representative series of these free boundaries for a 15 ° half-angle primary noz-

zle, expansion area ratio of 2, is shown on Figure 7.
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III. SHROUD FLOW REATTACH_ENT

Conditions for reattachment of the free flow boundary to the shroud were de-

termined by using empirical rocket nozzle flow separation data and the two-dimen-

sional oblique shock relations. The pressure rise coefficient across an oblique

shock wave in air, --_ P , associated with the boundary layer separation ahead of
q

a forward facing step_ and that associated with flow separation in a nozzle, are

plotted versus approach Mach number on Figure 8. These curves, No. 1 and _2, are

nearly identical and show good enough correlation that the two sets of data could be

used interchangeably. Curve No. 3 is a plot of the pressure rise coefficient associ-

ated with flow separation in a real rocket nozzle and, from the preceeding statement,

may also be considered as boundary layer separation data of a forward facing step

for a real rocket gas. This is significant because the pressure rise coefficient

experienced during reattachment of the flow behind a rearward facing step is 0.06

greater than that required for boundary layer separation ahead of a forward facing

step, Curve No. 3*. Curve No. 3 is therefore uniformly increased 0.06 to obtain

Curve No. 4 and data from this curve is used throughout the remaining calculations.

Points on the attached aerodynamic nozzle design charts were located by the following

procedure:

io A constant pressure, constant Mach number free boundary was selected

for a particular pressure ratio.

2. The oblique shock pressure rise coefficient with reattachment was

selected from Curve No. 4, Figure 8, by using the constant, free boundary Mach

number°

3. The flow deflection angle associated with this pressure rise coeffi-

cient and approach Mach number was found from oblique shock graphs.**

* Love, E. S._ Base Pressure at Supersonic Speeds on Two-Dimensional Airfoils and

on Bodies of Revolution With and Without Fins Having Turbulent Boundary Layers,

NACA Technical Note No. 3819, January 1957.

_-_ Compressible Flow Tables in Aerojet General Corporation Solid Engine Design

Handbook, 1958.
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III, Shroud Flow Reattachment (cont.)

4. The point on the free boundary where the flow angle equals the above

oblique shock flow deflection angle is the point where the shroud should first

contact the free boundary to turn the flow to an axial direction through the re-

attachment shock. Thus the shroud length and overall area ratio are determined

as a function of base pressure ratio and primary nozzle configuration and area

ratio.

Results of this study, in the form of aerodynamic nozzle design charts, are pre-

sented on Figures 2 and 3 and may be used to determine the basic nozzle configura-

tion from the above parameters.
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IV° PERFORMANCE

Performance of the aerodynamic nozzle can be examined by reference to a loss

factor, _-G' which is a measure of nozzle losses due to geometric factors only.

I-_G is the vacuum thrust efficiency:

CFvAcI AERO NOZZLE

ICFvAc I
I-DIM at

o

where

CFVACAER0 NOZZLE
cF + -Y-- (_o

VACpRIMAR Y c

= C = 0.995 (for this study only)
CDAERO NOZZLE DpRINARY

CD

6
o

_p

= _ actual/_ ideal

= overall expansion ratio

= primary expansion ratio

= base pressure

Loss factors determined by this method are plotted versus aerodynamic nozzle expan-

sion ratio and length on Figures 4 and 5.
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Figure 2
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Figure 3
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Figure 5
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Pigure 8
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FIGURE LIST
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To make the results of the mission analysis study meaningful for the compara-

tive evaluation of real vehicles designed to carry out different missions_ it was

necessary to make the following assumptions:

A. Propellant outage is 1% of the usable propellant weight. This is a

reasonable percentage to allow for outage, on the basis of outage propellant we_uhts

of current boost vehicles. The selected 1% figure is not of great importance _

itself; the important thing is that the percentage is held constant for all nozzles

so that a nozzle payload comparison will not be invalidated.

B. Propellant tank ullage is i% oi" the usa01e propellant volume. 'i_ s:_m'

remarks apply here as under the previous assumption.

C. For cryogenic propellant tanks, the tank stiffening factor decreases

parabolically from 2.0 for a tank pressure of 0 psi to 1.15 for tank pressures

above 400 psi. For storable propellant tanks, the tank stiffening factor _ecr_r_,_r_

parabolically from 1.25 for a tank pressure of 0 psi, to 1.0 for tan_ press_Jres

above 400 psi. These assumptions were arrived at by fitting parabolic_ curves through

propellant tank "stiffness points" that were calculated for existing o:_ }_an:_'

vehicles such as Saturn S-IV, Able-star, and Titan II-A. The extra stiffness :i_ ti_,_

case of the last vehicle mentioned was taken into account.

D. A titanium alloy, Ti 6AI-4V, was chosen for _le fuel tank and i,rer_'_;__

bottle material, and an aluminum alloy, 7075-T6, was selected for the oxid_z_:_;'

tank material. The former was selected for its high strength-to-weight r_*_o_ _

was not considered suitable for use as an oxidizer tank material because of its

sensitivity to oxidation.

E. Cryogenic tank insulation and baffle weights are 15% and i0_, resD_ _

tively, of total spherical tank weight for liquid hydrogen tanks, and 4% and Io _

respectively, of total s_herical ta_k weight for liquid oxygen tanks. Stora_;,_,-

tank insulation and baffle weights are combined and are 15% of total sph.; --_ .....
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I, Assumptions (cont.)

weight for both N204and Aerozine 50 tanks. For the cryogenic propellants, these
percentages were arrived at after referring to the proposal indicated in footnote*,
which details the Saturn S-If vehicle. For the storable propellants, the 15%figure

was selected to makethe tank weights of the Titan II-A, corrected for spherical

tanks and lower stiffness factors, yield a tank factor commensuratewith that obtained

for the cryogenic propellant tanks.

F. If a tank is not completely spherical, as in the case of pump-fed systems,

its weight is multiplied by a "frustum factor" to account for the increase in weight

from the conical tank bottom. The frustum factor includes the weight of a toroidal

transition section between the conical bottom and the spherical top of the tank.

G. For pump-fed systems, average tank pressures of 30 psi are used, whereas
for pressure-fed systems, tank pressures are 130%of chamberpressure. In the former

case, the tank factors would be slightly changed for different tank pressures in the

range of 15 psi to 50 psi which would slightly affect the payload capability curves;

but since all the vehicles were analyzed at the sameaverage tank pressure, the most

important consideration of comparing nozzle performance was effectively treated.

For pressure-fed systems, the 130%figure represents an average loss of pressure in

the lines and injectors of existing vehicles of 30%of chamberpressure.

H. Propellant tank pressures are constant during firing until propellant

depletion. This is the natural consequenceof the assumption that the pressuri-

zation system bottle pressure is constant until propellant depletion. This is a

good assumption except perhaps for the last few seconds of firing.

* SATURNS-If Proposal, Aerojet-General Corporation Proposal
No. AGC-61002,July, 1961 (CONFIDENTIAL)
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I. Tank pressures resulting from propellant dynamic loads are small with

respect to tank design pressures and are neglected. That this assumption is

reasonable may be seen by the fact that for the worst possible conditiom, i.e.,

for the high density storable propellants in a Mars space vehicle subjected to a

4g acceleration during the boost-to-earth-orbit phase, the tank pressure increase

above the design pressure of 30 psi_ is only i0 psi. Because the design tank

weight is multiplied by a safety factor of 1.5 as well as by a stiffness factor

of at least 1.2, the tank may be _onsidered to be adequately designed if the pro-

pellant dynamic loads are neglected.

Jo The temperature of the gases that pressurize the cryogenic propeiiants

is raised to 150°F above the propellant saturation temperature to preclude con_en-

sation.

K. The pressure in the hydrogen spherical pressure bottle is regulated to

twice the fuel tank pressure. This regulation is sufficient to give a great eno_gh

pressure differential between the hydrogen pressure bottle and the f_el tank for

efficient pressurization of the tank.

L. Helium is stored in a titanium alloy (Ti6AI-4V) pressure sphere at

5,000 psi. The high pressure of helium reduces its storage requirements.

M. The perfect-gas law is valid near the liquid state of a gas. Ti_is

assumption affects the volume of the helium bottle and probably is valid onl_ _

pressures far above the c_itical pressure_ which is the case for the stor_d he?_.

N. Burst-to-proof and proof-to-working pressure ratios are i._3 and 1.2_

respectively.*

* Tanforan, F. M., "Preliminary Design Data for Low Thrust Rocket Propulsion

Systems", Ae_'ojet-General Report No. PDR-60-7 (LRP), !8 August 1960
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O. The pressurization system safety factor is i.i, pressure tolerance

factor is ioi, valves, lines, and fittings factor is i.i, weight contingency and

structural support factor is 1.25, and the heating element factor is 1.01.*

po Structural safety factors of 1.5 are used for all structures. This is

commonpractice for man-rated systems.

Q. The minimumwall thickness for propellant tanks and the hydrogen pressure
bottle is O.Ol-in. This limitation was imposed to preclude tank thicknesses which

would be unattainable under the present state of the art of tank manufacture.

R° Intertank and interstage structure is madeof a sandwich material that

has 7075-T6 aluminumouter panels and an inner filler material that weighs

0.01 Ib/in 3• This material was selected for its high strength-to-weight ratio.**

This weight was increased as described in section IV.C.3 and Appendix J to account
for the effect of increased bending momenton the lower stages as the interstage

length is increased.

So Structural rings at the ends of the interstage and intertank sections

change the direction of the applied loads, thus reducing the bending and com-

pressive stress in the sections° The weight of these rings is approximately i0_

of the weight of the interstage or intertank section to which they are attached.
This estimate of ring weight maybe a little conservative.

* Tanforan, Fo M._ "Preliminary Design Data for Low Thrust Rocket
Propulsion Systems", Aerojet-General Report No. PDR-60-7 (LRP),
18 August 1960

** Sandorff, Po E°, "Structures Considerations in Design for Space
Boosters/' ARS Journal, November 1960
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I, Assumptions (cont.)
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T. The maximum angle of the lower interstage skirt is limited to 20 ° for

vehicle designs in which the nozzle exit diameter exceeds the larger tank diameter_

whereas a straight cylindrical skirt is selected for the designs in which the larger

tank diameter equals or exceeds the nozzle exit diameter. This assumption was made

to avoid large payload losses resulting from excessive aerodynamic drag on a wide-

angle interstage skirt. A study of many existing vehicle designs showed that in

all cases the interstage angles were less than 20 ° .

II. PRINCIPAL EQUATIONS

A. W_iGHT RATIO EQUATION

WI = W° exp (- _v/g Is)

Be

W
ps

where

PRESSURIZATION SYSTEM WEIGHT EQUATION *

I_ _ ___T]II rt I
= 144 PV r_ + i + --

r
P

P" Ff P"1 1

rt = Pf Pi and rp = --pf

The terms in the first bracket represent the pressure bottle weight and

the pressurant weight needed to expel all the propellent from the tanks° The last

term in the second bracket represents the additional pressure bottle weight and

pressurant weight required to allow for residual pressurants in the pressure bottle

upon propellant depletion.

* op___A,cit._ Tanforan, F. M.
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II, Principal Equations (cont.)

Ce DIAMETER OF PRESSURE SPHERES OR SPHERICAL TANKS

=_ 6Dg _ Vg

D. HELIUM BOTTLE WEIGHT

The helium bottle weight is usually found from one application of the

Pressurization System Weight Equation given above, except for the case when the

helium is used to pressurize two different containers. When this is the case, two

applications of the Pressurization System Weight Equation, one for each container,

are necessary to find the helium bottle weight from the following equation:

WHE B = i WHEBI + WHEBII 1VHEBvI+ VII

where WHEBI and WHEBI I are the helium bottle weights required in

pressurizing containers I and II, and VI and VII are the volumes of the containers.

E. SKIN THICKNESS EQUATION

W
gt =

2

_s_7 Dg

Fo TANK WEIGHT EQUATION

k

WT = f fl f2 -_- PV

This equation represents the sum of the container wall weight, the

insulation weight and baffle weight. The derivation follows:

WT = f fl f2 _s ]7D2t + kl WT + k2 WT

Page 6
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II, F, Tank Weight Equation (cont.)

where k I and k 2 represent insulation and baffle weight factors,

respectively.

f fl f2 _s 7TD2t

W T =

1- (kI + k2)

Representing thickness, t, as a function of tank pressure and diameter:

t __

W_ _-

'l'

PD
_-_ where @ is the material ultimate strength (ib/in 2)

f fl f2 Fs 7[D 2 PD f fl f2 D3 P
= (1.5)(1.33)(1.2)(1728)-_

let k = (1.5,)(1.33)(1.2)(1728)

z - (kI + k2)
which now accounts for type

of u_nits used as well as the

pressurizing safety factors of

1.33 and 1.2.

k

Then W T = f fl f2 _ PV

G. LOWER TANK DIAMETER FOR PUMP-FED SYSTEM

Let c represent the length of a chord across the widest base of the

frustum section of the tank bottom and h represent the altitude of this frustum.

Then c = x I D and h = x2 D

The new lower tank diameter DI in terms of the old spherical diameter,

D, Xl, and x 2 is then:

DI D i + x 2 6 x2 (xI + I) - 8 x22 - 3 xI
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II, Principal Equations (cont.)

H. FRUSTUMFACTOREQUATION

The frustum factor which accounts for the increased tank weight

because of the conical bottom and to_oidal transition _ection is:

where xI and x2 are the sameas in G.

I. PUMPWEIGHTEQUATION*

W = i00 + .463 mQv'67p 0.74
pmp c

where the propellant flow rate, Q, in ft3/sec is derived as follows:

= F/I s

Fb {Of MR + i.O

Q

J. INTERTANK AND INTEBSTAGE WEIGHT EQUATIONS

These equations have the same form and may be written

Wg -- l.lg (D÷d) 2
D+d

* "Unconventional Nozzle Study", Douglas Aircraft Co., MSSD Report No. SM 41358,

Jan., 1962 (C)
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II, Principal Equations (cont.)

WhereD and d are the large and small diameters respectively of the ends

of the intertank or interstage section. The bracketed expression is given by the
curve for sandwich structures in the reference indicated in footnote**.

K, PAYLOAD WEIGHT EQUATION

WpL = W ° - (Wpp + Wft + Wox t + Wps + Wline s + WpM P + W +e Wits)

where the meaning of each term is given in the list of symbols on page IZ.

W o:gIsln( l
IWo/,s

1 (_) Ill'

I

1

I

I
I

keeping the ideal velocity increment constant, d _._v) = O.

Is W o ).. _ _w_: _ (_

/ Wo _ Z_v
Replacing In

_II )by gI--_' and replacing differentials by finite

differences, the burnout weight-specific impulse trade factor is obtained.

A W I _v WI

A Is gI 2
s

** Op. cit., Sandorff, P. E.
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IV. DERIVATION OF TRADE FACTOR OF PERCENTAGE CHANGE IN PAYLOAD WEIGHT PER

PERCENTAGE CHANGE IN SPECIFIC IMPULSE

From the derivation of the burnout weight-specific impulse trade factor

given in III.

mW I < _v WI 1: 2 _ Is

gl s

and since _WpL = _W I

_J/_) --
_v WI _v[w°_ _ +_]

gl s WpL gl s WpL

Vo DERIVATION OF TRADE FACTOR OF PERCENTAGE CHANGE IN PAYLOAD WEIGHT PER

PERCENTAGE CHANGE IN ENGINE WEIGHT

Because both payload weight and engine weight are inert weights, they must

be one-to-one correspondence.

WpL =- _W e

WpL - _ W e

WeWpL WpL W e

W
e

WpL
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DERIVATION OF TRADE FACTOR OF PERCENTAGE CHANGE IN PAYLOAD WEIGHT PER

PERCEiVe'AGE CHANGE IN INTERSTAGE WEIGHT

WpL = _WLo- Wlssl _i-_ (i - e -Av/_T_. )]

dWpL 1 e-_V/@_- r- WpL
-- - 1 = 1 -

dWIss _ WLo - Wls s

- 1 -

.l_w_,_/(_w_lW_ss
•-\-v_y\w-Cj= W_o_WTss

Page ii

WpL

WLo _ WIs s



D

d

DI
E

F

f

fl
f2
g
I
s

k

MR

P

P
C

Q

R

r

P

rt

T

t

t

V

_v

W
e

Wft

W I

Wlss

Wits

Report NAS 7-136-F, Appendix G

SYMBOLS

Spherical propellant tank diameter, unless otherwise noted (in.)

Denotes differentiation, unless otherwise noted

Lower propellant tank diameter for pump fed systems (in.)

Slant height of conical frustum (in.)

Space vehicle thrust (ib)

Tank stiffening factor (dimensionless)

Structural safety factor (dimensionless)

Frustum factor (i.0 for perfectly spherical tanks-dimensionless)

Reference gravitational constant (32.2 ft/sec 2)

Vacuum specific impulse (sec)

Parameter that is a function of units used, pressurization safety factors,

and insulation and Naffle weights (in/ft 3)

Mixture ratio, oxidizer to fuel (dimensionless)

Tank pressure (ib/in. 2)

Combustion chamber pressure (ib/in. 2)

Propellant flow rate (ft3/sec)

(ft-lb_
Gas constant _ibOR j

Ratio of initial pressure to final pressure of a pressurizing gas

(dimensionless)

Ratio of initial temperature to final temperature of a pressurizing gas

(dimensionless)

Final temperature of a pressurizing gas (°R)

Skin thickness (in.)

Equivalent thickness of an intertank or interstage section (in.)

Tank volume unless otherwise noted (ft 3)

Ideal velocity increment required for the space vehicle to perform its

mission (ft/see)

Engine weight (ib)

Fuel tank weight (ib)

Vehicle burnout weight (ib)

Interstage skirt weight (ib)

Intertank skirt weight (ib)
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Wline s

W
o

Woxt

wp_
W

pmp
W

PP
W

ps

WT

Subscripts

B

f

fu

g

HEB

i

ox

s
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SYMBOLS (cont.)

Propellant line weight (ib)

Vehicle liftoff weight (ib)

Oxidizer tank weight (Ib)

Payload weight (ib)

Fumpweight(lb)

Propellant weight (ib)

Pressurization system weight (ib)

Propellant tank weight (ib)

Propellant weight flow (ib/sec)

Material strength to weight ratio (in.)

Denotes finite differences

Ratio of nozzle exit area to throat area (dimensionless)

Density (ib/in 3) for solids, ib/ft 3 for liquids and gases)

Stage mass fraction = Wpp/(Wpp + W I - WpL )

Material ultimate strength (ib/in. 2)

Bulk propellant (fuel plus oxidizer)

Final condition

Fuel

A general quantity

Helium pressure bottle

Initial condition

Oxidizer

Structure or material

Page 13
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Figure 1
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Figure 2
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Figure 3
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Figure 4
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Figure 6
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Figure 8
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Figure 13
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APPENDIX H

ANALYSIS OF THE RADIAL PRESSURE AND MACH-NUMBER

DISTRIBUTION IN A SWIRLING-FLOW NOZZLE
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This appendix describes the method used to obtain the theoretical curves of

static pressure ratio and Mach number in Figures VI-18, VI-19 and VI-22. The velocity

of the gas at any point in the nozzle is divided into tangential and axial compo-

nents; the radial component is neglected. The angle between the axial component and

the total velocity is designated w' so that:

Va cos
W

V t = V sin
W

L

V = + Va

The axial component V is assumed to be constant across any plane normal to the
a

nozzle axis. The tangential component is expressed:

Vt = K/r

in a potential vortex, and:

V = OJr

in solid body rotation*. Then using the one-dimensional steady isentropic flow

relations:

P'7 -- + "7-

V
M

_'TgRT '

* Shapiro, A.H. The L_namic and Thermodynamics of Compressible Fluid Flow, the

the Ronald Press Co., New York, 1953.
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an expression for the static pressure ratio and Machnumbermaybe obtained as a
function of the radius ratio for a given wall Machnumber and flow angle. In a

potential vortex, the relations are:

L =|l+ _-_AM2 sin_9
PW _ 2 w w

=_

_/_ s_n_ +_o___
(p/p)r_

The Mach number and flow angle at the wall were obtained from the one-dimen-

sional analysis described in Section II, C, 6. The values used are given in the

table below:

Swirl configuration i 2

Location Chamber

Wall Mach No., M 0.1007

Wall Flow Am_le, _w' o 84.2

Chamber Exit

0_1367 7.48

87.3 2.78

Note that P/Pw for a potential vortex may be differentiated and substituted into

the Mach number relation to obtain, after rearranging:

r,3
w

M2 = r '+ -,-tan2(_ w dp'
dr'

-f* p,

where the primes indicates the value divided by the value at the wall. When the

wall angle _w is close to 900 , this relation simplifies to:

= _r' dp'
_p' dr'
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which is the equation used by Keyes* to compute the Mach number distribution from

the measured pressure distribution.

* Keyes, J. J., Jr., "An Experimental Study of Gas Dynamics in High Velocity Vortex

Flow," Proceedings of the 1960 Heat Transfer and Fluid Mechanics Institute, Stan-

ford, Stanford University Press3Stanford_ California.
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SYMBOL LIST

Gravitational constant_ 32.2 ft/sec 2

Constant

Mach Number

Pressure_ psia

Gas constant_ ft ib/Ib °R

Static temperature_ °R

Velocity, ft/sec

Ratio of specific heats

Angle, deg

Angular velocity, rad/sec

a Axial

t Tangential

T Total

w Wall
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APPENDIX I

THE METEOROID HAZARD
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FIGURE LIST

Most Probable Rate of Puncture
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Figure No.
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The lower and upper velocity limits of meteoroids have been established as

ii and 33 km/sec, respectively. To date, most of the data concerning meteoroids

has been gathered by means of phography and radar. A few determinations of the

meteoroid flux using earth satellites have also been made. The flux found by the

Explorer XVI earth satellite, the latest of these, is given in Reference I-i and

previous estimates based on both ground and satellite observation are given in

Reference 1-2. Figure I-i, reproduced from Reference I-2, shows several estimates

of the most probable number of punctures by meteoroids of aluminum sheet per square

feet per day as a function of the sheet thickness. The estimate used in this study

is the one based on Whipples' 1961 determination of the flux and Bjork penetration

equation. Whipples' 1961 determination_ since it is the most recent of the earth-

based observations, is hopefully the best. It, when combined with the Bjork pene-

tration equation, gives results which are conservative compared with those derived

from Explorer XVI.

The effect on nozzle performance of meteoroids punturing the unprotected

radiation cooled portion of a parabolic nozzle having an exit area ratio of 731:1

was determined for an engine operating at a chamber pressure of 500 psia and a

thrust of i00,000 lb. The propellant was taken to be N204/Aerozine 50 with a mix-

ture ratio of 2.0. As shown in Figure 11-40 of Reference I-3, radiation cooling

will not suffice below an area ratio of 15 for an engine using 02/H 2 at a mixture

ratio of 5.0 and a chamber pressure of 500 psia. Since N204/Aerozine 50 at a M.R.

of 2.0 burns at a higher temperature, considering the radiation cooled portion to

be attached at an area ratio of 15, will give an upper bound to its surface area.

The skirt will most probably be made from either titanium or stainless steel_ about

O.O02-in. thick. Because most of the meteoroid puncture data is presented for

aluminum, the skirt was considered as being made out of this material. Titanium

and stainless steel sheet are at least equivalent to and probably superior to

aluminum sheet of the same thickness (Reference 1-4).

The penetration data given in Figure I-i were computed assuming a meteoroid

density of 2.7 gm/cm 3. For the purposes of finding the area of the punctures in

the nozzle, the density of the meteoroids was conservatively taken to be 0.5 gm/cm 3.

Page i



Report NAS7-136-F, Appendix I

_ne study of meteoroid density found the average density to be 1.75 gm/cm3. Refer-

ence 1-5). The exposedsurface area, As, of the nozzle skirt is 1578 ft 2. From

Table i, Reference I-2, Whipple's 1961 estimate_most of the meteoroids striking
the nozzle will weigh less than 10-2 gm. The most probable numberof penetrations

per square foot per day, _ , by particles larger than 10-2 gm, is less than 10-7 .
The most probable numberof penetrations by particles larger than 10-2 gm for a

14 day trip, then, is

= WAs']" = 10 -7 (penetrations) (1578 ft2)(14 days)

ft 2 - day

= 0.00221

The probability, p(o), of the skirt not being struck by a particle larger than 10 -2

grams is: (from Reference 1-2)

p(o) = e

-0. 00221
---- e = O. 9978

The average mass of the meteoroids striking the vehicle can thus conservatively be

taken at 10 -2 gm.

To compute the thrust losses from meteoroids, the nozzle was divided into

transverse sections. The surface area of the section was calculated assuming it

to be a cone, and the sum of the absolute values of side thrusts calculated assum-

ing the average of the highest and lowest static pressures in the section, Pavg'

to be the pressure throughout the section. A thrust coefficient, CF, of 1.23 was

assumed for each puncture. This is the thrust coefficient at the nozzle throat

for N204/Aerozine 50 at a M._R. of 2.0, for a wide range of chamber pressures.
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Tests made at the Aerojet-General Corporation show that punctures made in

radiation cooled skirts are not enlarged during an engine firing. Therefore_ the

area of each puncture was assumed to be equal to the area of projection of a sphere

having a mass of 10 -2 gm and a density of 0.5 gm/cc; i.e., 0.01378 in. 2 From

Figure I-l, the most probable number of punctures per square foot per day for

0.002-in. thick aluminum is 0.45. This same figure shows that approximately one-

tenth of the particles that puncture a single sheet of aluminum would puncture two

separated sheets, each sheet being of the same thickness as the single sheet.

Therefore, one tenth of the particles puncturing one side of the nozzle was assumed

to pass on through the nozzle and puncture the other side also; i.e., the overall

puncture rate is 0.495. The sum of the absolute values of the side thrusts in each

section is then:

_-IFI = (As ) (T) (_) CF (A puncture)(Pavg )

Between _ = 15.7 and _= 47.4

2
in

_IF_ = (40.8 ft2)(14 days) (.495 punctures)(l.23)(.01378 puncture ) (2.43 psia)
ft2-day

: 11.64 ib

Between C = 47.4 and _ = 106.8

2
in

_IFI : (87.7 ft2)(14 days)(.495 punctures)(l.23)(.01278 punctur_ ) (.60 psia)
= 6.17 Ib ft2-day

Between _ = 106.8 and _ = 271.8

2
in

_IFI = (303 ft2)(14 days)(.495 punctures)(l.23)(.Oi378 puncture
ft2-day

) (.215 psia)

= 7.63 ib
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Between 6 = 271.8 and _ = 731

_]F/" = (1146 ft2) . . = 6.73 ib

_IFJ Total = 11.64 ib + 6.7 ib + 7.63 ib + 6.73 ib = 32.17 ib

The probability that the actual number of punctures will be less than double

the most probable number can be calculated from the equation

n--O

n

n:

The most probable number of punctures sustained by the nozzle is very large,

10,950. From the tables in Reference I-6, one can see that p > 0.999. Therefore,

one can safely take Z!F] total to be less than 64. The net side thrust is undoubt-

edly much less than 64 ib and is most probably close to zero. An upper bound to the

loss in specific impulse caused by the punctures may be found from the relation:

Then,

F

sp

64
._L.I_I total = 0.00064

i - llsp(puncture) _ ,|FIengine - i00,000

sp

Since the punctures will not all occur at the beginning of the trip, the average loss

in specific impulse will depend upon when during the trip the engine is operating,

but in any case, the loss should not exceed 0.00064.

To try to protect the nozzle so that there would be a 0.99 probability of no

punctures would require that there be less than
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o.0i005
= (1578)(14) = 4.56 (10 -7 ) penetrations/ft2/day

To achieve this, two sheets, spaced several inches apart, having a total thickness

of aluminum of 0.2-in. or a single sheet of 0.3-in. thick aluminum would be required

(Figure I-i). The weight of this protection in the first case, ignoring the weight

of any spacers between the sheets, is 4430 ib, and in the second case is 6650 lb.

Since the weight of the entire engine is less than 2000 ib (Reference 1-3), the

amount of shielding is obviously too high and would make the use of large area ratio

nozzles impracticable were it necessary.

However, to protect the nozzle from _ = i to _ = 15 sufficiently so that the

probability of receiving no punctures is 0.999 requires that

.001 penetrations
= (15.26(14) = 4.68 (10 "6) = ft _ day

The single sheet thickness required is, from Figure I-i, approximately O.15-in. The

weight of this sheet is 32.1 lb. The weight of the shielding needed to protect the

ablatively or regeneratively cooled portions of the nozzle does not appear to be ex-

cessive.

As more meteoroid data becomes available, the conclusions presented herein

may need revision. If the penetration data from the Explorer XVI satellite were

used, the number of punctures received by the nozzle would be reduced by a factor

of i0.
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APPENDIX J

EFFECTS OF INCREASED BENDING MOMENT

ON THE BOOST STAGES DUE TO AN INCREASE IN INTERSTAGE WEIGHT

BETWEEN THE BOOSTER AND SPACE VEHICLE
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Report NAS 7-136-F, Appendix J

As the interstage structure is lengthened, the transverse acceleration of

the booster vehicle causes an increase of bending moment on the structure propor-

tional to the change in interstage structure length. Consequently, to maintain a

constant stress in the structure a larger cross-sectional moment of inertia is re-

quired and hence an increase in booster weight.

_le three stage booster (Figure i) was analyzed as a conventional strir_er-

panel-frame vehicle with 4 "g's" axial and i "g' transverse accelerations. Other

specifications for the booster vehicle are given below:

Change in Velocity Mixture Initial Mass

Stage Propellant ft per sec Is___pp Ratio Fraction

I 02 - RP-I 12000 248 2.2 .942

2 02 - H 2 9100 353 5.33 .848

3 02 - H 2 8900 428 5.33 .884

Booster stage configuration is determined from the size requirements of the

fuel and oxidizer tanks. The stage diameter of the first and second stages was

determined from the diameter of the spherical oxidizer tank. To prevent the third

stage diameter from becoming less than the payload diameter, the oxidizer tank -was

made cylindrical with hemispherical ends and a diameter equal to the payload dia-

meter.

In order to obtain structural weights, initial mass fractions of the boost

stages were assumed as shown. Since changes in weights rather than actual values

were required from this study, no detailed designs of the vehicles were attempted.

Propellant requirements for the first stage were calculated from,

w wLo(i e _V/glsp_

WLO= Light off weight = 12,386,500 Ib
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I, Introduction (cont.)

V = Velocity increment

e = 2.71828

g = acceleration of gravity

Fuel and oxidizer tankage requirements are determined from stage mixture

ratio and propellant densities.

From the basic configuration of the stage the forward structure_ fuel tank_

fuel tank forward heat skirt, stringers, frames, oxidizer tank and oxidizer tank

upper and lower headskirts, the change in weights as the bending momentis increased

were calculated by methodsoutlined below° The change in stage weight is the sum-

mation of changes in componentweights.

The payload of the first stage is then calculated from

WpL= WLO
i

(i - e - Z_V/gIsp)I

WhereWpLis the weight of all higher stages, or the lightoff weight of the second
stage° This procedure is repeated successively for the second and third stages
to determine the overall booster effects.

The increase in bending momenton the boost vehicle as the interstage length

is increased was calculated by assuming a transverse acceleration of i "g". The

weight of the vehicle is then summedalong its length_ and the area under the result-

ing curve is the bending momentat that location. A change in length of the vehicle

results in a change in bending momentwhich was used to compute the increase in load

on the structural components°

The forward structure length for the first and second stages was considered

to be 30_ of the upper stage oxidizer tank diameter°
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I, Introduction (cont.)

Basic material selections for the analysis were 6AI4V Titanium _or all fuel

components and 7075 Aluminum for the remainder of the vehicles.

Results of this study indicate that the total booster weight increases

approximately 81 ib per inch of interstage structure. Of this amount, 31 ib per

inch are attributable to the first stage and 27 and 23 ib per inch to the second

and third stages, respectively, as shown in Figure IV-53. This is also shown in

terms of percent change in weight, and as a change in the mass fraction of the

boost stages on the same figure.

II. ANALYSIS

Ao FORWARD STRUCTURE

stages.

The forward structure is the transition between the booster vehicle

The total change in weight of this structure is analyzed by summing

the change in weight of the components as a function of the change in moment from

lengthening the interstage structure.

Basic components affecting the weight of the forward structure, string-

ers, forward frame, center framej and aft frame, are shown schematically in Figure 2o

i. Stringers

the equation

The area of the stringers in thr forward structure is given by

AST =

7_D12 IF c] ult

(i.I)
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II, A, Forward Structure (cont.)

Where IF _ ult is the ultimate compressive load on the stringers
c

IF c _ ult = 1o4 M P (1.2)

cos T 7[RI2 + _D 1

And Q- is the allowable stress for elastic stability.
c

The weight of the stringers is given by the basic equation

WST : AST L_ (1o3)

Since by definition for this analysis L = .3D 1 the change in

weight of the stringers as a function of the change in moment is given by

1o68 Rl2f _M
WsT- R1To Cos@ (1.4)

2. Forward Frame

load" is

The critical compressive load in the forward frame due to "kick

3El (Ref 5 Page 307) (1.5)
FCR - 3

R
e

Taking a frame section as shown in Figure 2 the moment of inertia

and area may be expressed by

t h3 (1o6)
%F- <

5 h t (1o7)
AFt- 3
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II, A, Forward Structure (cont.)

By combining equations (1.5) and (1.6) the critical frame thickness

is determined to be

3
4F I R

- ° (1.8)
tcR 3 E h 3

where

_n__;]
c ult

R2 - R I

F/ = [Fc] ult L (1.9)

is obtained from Equation (1.2)

The change in critical thickness as a function of change in moment

may be expressed by

5.6 AMR 3

Z_tc R = c (1.9)

3 E h3UTRI 2

In addition to the compressive stress in the frame due to kick

load, there is a bending moment in the frame caused by unequal shear loads around

the frame perimeter which tend to deflect or warp the frame radially. The magni-

tude of this load is

L[VFF] _ = 1.4 WPL x transverse "g's" (1.1o)
ult No. of fittings

by

The compressive stress in the frame from the kick loads are given

_ pax (1.11)Q- Mc + _

c IFF AFF
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II, A, Forward Structure (cont.)

where

and

M = _end Rc [VFF _ ult (1.12)

IF
ult R 1 KAX LVFFJ ult R

Pax = c + c (1.13)

%F %F

be expressed by

The change in frame area as a function of change in moment may

1"4 /-'kM (1.14)

_%F. = V RIO_c

and from equation (1.7) it follows that

.84 A M (i.15) IZkt = R1O- c h

The total change in frame area is proportional to ( /ktcr +_t) and is given by I

'
%- _ _ _3_-_ f__ |

By letting RI = RlC

M I 3.11 RI 1.4 ]T E h2 + Rl_c
(i.17)
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II, A, Forward Structure (cont.)

Since weight of the forward frame is given by

w_= TDI_f

the change in weight as a function of change in moment is given by

(1.18)

(1.19)

3- Center Frame

The required cross-sectional area of the center frame to resist

instability failure is given by Ref I to be

2

CF M DI2

AcF = K 4 LE
(1.20)

then the change in area as a function of change in moment is

AM 7_0
A ACF - /

2_C F MK 4 LE

(1.21)

where

i

CF = dimensionless coefficient =

M = bending moment at frame

K 4 = dimensionless shape parameter = 5.24

L = .115 DI2 optimum frame spacing

E = modulus of elasticity
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II, A, Forward Structure (cont.)

Center frame weight is given by the expression

WCF= ACF _ DI2f

from which the change in weight can be derived to be

(i .21)

Z_M tT/o
WCF= f,

21CFM '
K4 LE

(1.22)

4. Aft Frame

The compressive frame load on the aft frame is

_.4 (1.23)

therefore the change in load is

_[F _ ult = 1.4 Z_M (1.24)

c UTR22

In addition to the compressive load it can be seen from Fig 2 that a tensile load

also exists on the aft frame. The change in magnitude of this load as a function

of change in moment is

2 tan _ (1.25)

U_ R2
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II, A, Forward Structure (cont.)

The area and weight of the aft frame is expressed by equations

(1.26) and (1.27) from which the change of weight is derived in equation (1.28).

_Fo]_ttan__2
(1.26)

w_ : _ % % _ (1.27)

2.8 _M 2 tan

: (1.2_)_w_ _c

5. Total Structure

The total change in weight of the forward structure is given by

summing the delta weight of the individual components, so that

± wFS: ±% + _WFF+ _WcF +±W_

B. STAGE WEIGHT

The stage change in weight as a function of change in bending moment

from lengthening the interstage structure can also be calculated from summing the

weight change of the structural components.

The schematic diagram shown in Figure 2 shows the components, forward

head skirt fuel tank, fuel tank stringers and frames and oxidizer tank upper and

lower head skirts, whose weights are affected by this change in moment.
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II, B, Stage Weight (cont.)

i. Forward Head Skirt Fuel Tank

Load on the structure is given by equations (2.1)

IF lult =[_R_ + "P ID2 1.4
(2 .i)

and

t

R 2 ult

•3882.24 E
(2.2)

The thickness equation (2.2) was developed from NACA TN 3783

Figure 7 and is valid within the range

6O< R
< 3ooo

Combining equations (2.1) and (2.2) the change in weight of the

forward head skirt can be expressed as a function of the change in moment in equa-

tion (2.3)

.242±M %_HS {o (2.3)
ZZWFH S E'385 -{[ R21.355 IF] "612

ult

2. Fuel Tank Stringers

The compressive load on the stringers is given by equation (2.4)

Fc = _---_
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II, B, Stage Weight (cont.)

where

F ult = 1.4 F (2.5)
c c

If the stringers carry I00% of load then

A(ST = _ D2 _ Fc ] ult

_-c
(2.6)

The fuel tank skin, however, carries some load and an estimate is

made for stringer area

KA _
AST est = ST (2.7)

and the equivalent skin thickness for the stringers

tfst = AST est (2.8)
_D

The gross tensile stress

(})gross = PRESS X R2

2(tlst + t skin)

(2.9)

where tskin is the tank cylinder wall thickness.

For combined stringer-skin-frame type structure, the stringer

tensile load, therefore, is

(}Ixo_ (_._o_Ft st = _/st gross
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II, B, Stage Weight (cont.)

and compressive load in the skin is

.3Et2 skin (2.11)

The net compressive load in the stringer is determined from

[NET Fc ] ult = [Fc - Fc skin - Ft stl 1.4 (2.12)

It can be determined from Equation (2.7) that

Z_AST est = 2.8 K_M (2.13)
_- R

c

and Equation (2.12) that

a F_ F ]ult-1.4aM i
c _-_

÷ •56 K ]Y D ttank Press

O-c (AsT est + TFDttank)2

(2.14)

The change in stringer area is therefore

AST : -_D 1.4ZkM i

0-c II--_ +
•56_ D Kttank Press

_c (AsT est +_TDt tank)2

(2.15)

Equation 2.15 and 2.13 are iterated until the values are equal. The change in

weight is then given by the expression

_WsT = 1.4 L _WD ZkM __i + .56 K-_ D ttank press

0- c 7TR2 _-c(AST est + Dttank)2

(2.16)
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II, B, Stage Weight (cont.)

3. Fuel Tank Frames

The compressive load on the frames is determined from

M p

F : Rf + -- (e.l?)c Tg T[D

and the tensile load from tank internal pressure is

PRESS R2

Ft - 2 (2.18)

The net ultimate loading is then

and the equivalent bending moment M)"is

M_ : _ R2 [_ET _o ] _lt (2.20)

By substituting M :zfor M in Equation (1.25) the change in frame area can be

determined. The change in weight of the frames is then given by

where

awF : a_v D_F (2.21)

:
NF .llSD + i (2.22)

4. Oxidizer Tank Forward Head Skirt

The compressive load on the oxidizer tank forward head skirt is

M p

Fc = 7rR2 + 7rD (2.23)
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II, B, Stage Weight (cont.)

and the tensile load from tank internal pressure determined from equation (2.18).

By combining equations (2.23) and (2.18) net ultimate compressive load is determined

to be

[NETFc_ ui t = 1.4 IF c - Ft_

By substituting the appropriate values in Equation (2.3) the change

in weight of the oxidizer tank forward head skirt can be determined.

5. Oxidizer Tank Aft Head Skirt

The change in weight of the aft head skirt is solved the same as 4

above except that the tensile load from tank internal pressure is equal to zero.

Page 14

I

l
I

I
I
I

I
I

I
I

I
I
I

I
I

I
I
I

I



I
II

I[

I
I

I
I

II
II
I

I
II
II

II

I
II
It

II

I

A_

C

D

E

F

F'

K

L

M

P

PRESS

R

R
C

V

W

WPL

a

b

h

t
cr

t

t'st

A

F
T

¢

Report NAS 7-136-F, Appendix J

LIST OF SYMBOLS

2
area in.

distance from neutral axis to extreme edge of beam

diameter, inches

modulus of elasticity, ib/in. 2

load, ib/in.

kick load

estimated % load supported by stringers

length inches

bending moment, in-lb

axial load ib x axial acceleration "g"s

pressure, lb/in. 2

radius, inches

radius at c.g.

shear load, ib

weight, ib

weight of payload, ib

frame spacing, inches

stringer spacing, inches

length at base of U section - see Figure 2

critical thickness, inches

thickness, inches

equivalent skin thickness of stringer

incremental change

density of material, ib/in. 3

allowable material stress, ib/in. 2

angle of forward structure
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Subscripts:

AF

C

cr

CR

F

FF

FHS

mat'l

prop

S

ST

t

ult

1

2

12
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LIST OF SYMBOLS (cont.)

aft frame

compression

critical

center frame

frame

forward frame

fuel tank head skirt

material

propellant

shear

stringers

tension

Ultimate

upper

lower

average
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I. ASSUMPTIONS

In the present analysis, the following assumptions are made:

(I) The overall engine motions (due to @(t) ) have no effect on the buckling

motions of the nozzle extensions.

(2) The power spectral density, q(_), is a step function in a given spectral

range.

(3) The generalized mass, MN, is approximately equal to the mass, m_T, of

the undeformed nozzle.

II. FORMULATION OF EQUATIONS OF MOTION

The equations of motion for forced vibrations of a fixed-free thin conical

shell nozzle attached to a rigid nozzle free to move in a given rotational direction,

@ (t), are derived herein.

Consider the vibrating coupled system shown in Figure i, where the various

displacements, distances, forces, and masses of the flexible nozzles and engine

are defined. Let the displacements, _(×_ @_, gF(_,_-) , and _(_ q,t)

be expressed as

where
S--

(I)

Page I
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II, Formulation of Equations of Motion (cont.)

The kinetic energy maybe written as

I
I

I

JM_

• _ \ 7-

where

_3_ 3_c_ ]
_@= differential mass of the coupled system, L _

_: generalized mass of the nozzle, [_\_-c_

p :mass density of the nozzle, [_ 1

J

[i_- i,,,] (2)

V : volume of the nozzle, [i_

S@: static unbalance of the coupled system about its elastic axis, L_[@ ¢_c_

I
I
I

I
I

I
I

I

I

_@= total mass of the coupled system, [1_ S¢¢" ]

'_¢_,.. location of center of gravity of the coupled system, [ ino ] I

_@:mass moment of inertia of the coupled system, M_, about 0 (Figure l),_b4i_5c'C_]l

Page 2
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II, Formulation of Equations of Motion (cont.)

The potential energy may be written as

I - I k- l ¢ [ Ib4. _.]

I where

I

I

I

N: spring constant of the flexible wall nozzle

= _ I_ "1_,

_@= spring constant of the coupled system

J

I
I

I
I
I

I

GD_= natural frequency of the nozzle, [ _ ]

l

(.J_= natural frequency of the coupled system, [ _ ]

Lagrange's equations of motion can be written as

where

}, : tz,! .....

_'S and _l =_ for the present system

external force acting on the system

I

I

I

The substitution of Eqs. (2) and (3) into Eq. (4) yields

Page 3
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II, Formulation of Equations of Motion _cont.)

where

l

I
I

C_& : damping coefficient of the coupled system,[i_4 in. 5c¢ ]

Let

where

distance from the elastic axis 0 (Figure i) to the point of applica-

tion of the driving force, Fo _k_t [i_
J

The substitution of Eq. (6) into Eq. (5) yields

where

(6)

m

0

I
(7)

(8) I

' I
_N-- damping parameter of the nozzle, [ _

1M_

# @ : damping parameter of the coupled system, L-_

: z--y
S, L

Page 4
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SOLUTION OF EQUATIONS OF MOTION

I The solutions of Eqs. (7) and (8) are of the form, respectively,

I _c_=__" c,_

I _¢_=_ _
(9)

(io)

The substitution of Eqs. (9) and (iO) into Eqs. (7) and (8) yields, respectively,

JI
Solving Eq. (ii) for and _ gives

I

(lZ)

(iP)

(13)

ilhe denominator of Eqs. (12) and (i3) can be written as

A_ _ + %_ ÷ C oo" _- x _kb+D_ + { C
(14)

Page 5
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!
IIIj Solution of Equations of Motion (con.to)

where _ I

A-- C,- _%:_ )

- gO "_ _ "_" "_ ""

The numerator of Eq. (12) can be written as

where

qhe numerator of Eqo (13) cam be written as,

Fage 6
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III, Solution of Equations of Motion (cont.)

where

K- (i- L_-

d_: -2_. (i-

_.= c_

Hence Eqs. (12) and (13) become, respectively,

= F_ _ +_,_+ a_

Aco_+g_4 CoJ4+ D_+ E
(17)

I
F___o"+ c-,._" + _ _. ' ;,(_- _o) -

c %° (18)

I

I
I

I

The substitution of Eqs. (17) and (18) into Eqs. (9) and (i0) yields, respectively,

F, c_"+ G, _+ I-I,

I The mean square of _Ct) is defined as

= T--,,_ _-T

!

Page 7
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Solution of Equations of Motion (cont.)

(6), if the real part is chosen, namely,

I
i

1
!1

the solutions (19) and (20) then become, respectively, I
I

Aco_+ B_ _ + C_ _ 4 D_+ E

(23)

(24)

I

I

I
The substitutiom of Eq. (23) into Eq. (21) yields

where

,5
A _'_ 4 _ <..,...)+.t...C c.J'l -,,- D c.,6u -t.. E

(25)

(25a)

I

I

I

I

I

I
The mean square of @ (t) is defined as

J
-T

Jt

Page 8
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III, Solution of Equations of Motion (cont.)

The substitution of Eq. (24) into Eq. (26) yields

Z _
@o

]

where

The mean square values of _ and _ are, respectively,

• \ _ 01 l,y\

/]
._. _ _\

_- I -2 ,.0

From Eqs. (7a), (8a), (28), and (29),

/k

= I- F_, o [ co q
]

Page 9
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IIl, Solution of Equations of Motion (cont.)

The substitution of Eqs. (28a) and (29a) into Eqs. (25) and (27) yields

A ]- _l-

(30)

(31)

The substitution of Eqs. (25a) and (27a) into Eqs. (30) and (31) gives, respectively,

(32)

: i"

where

l_,_s(_)l:the absolute square of the impedance of the flexible wall nozzle

I.

IZ@(_)I--the absolute square of the impedance of the coupled system

From Eqs. (28) and (29)

(34)

Page i0
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III, Solution of Equations of Motion (cont.)

The substitution of Eq. (34) into Eq. (33) yields

Q_2

If_(t) is not sinusoidal, but a random function,_}_(t) needs only to be defined

by the square mean value as follows:

o

where

--_c6 1
I (60) = power spectral density of an input force, [ }_-]_

Similarly, let the power spectral density of Ss (t) be defined by

0

where

(37)

(co) is given as

*Bisplinghoff, R. L., Ashely, H., and Halfman, R. L., "Aeroelasticity," Addison-

Wesley Publishing Company, Inc., 1955, PP. 813-825.
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Ill, Solution of Equations of Motion (cont.)

and hence, from Eqs. (37) and (38),

(39)

If _i_), is assumed to be a slowly varying function compared to the variation of the

impedance with_

Let

,___ F,_'+ + d,_ _ ÷_Li,

where I_ is a function ofi_' I -_a ' %' 00_, _W,_@ ' XCG' andl@ •

From Eqs. (40) and (41),

) [ In_ ] (42)

Substituting Eq. (42) into the square mean value,W-(_ @), of the displacement,

u/(_@_ ) , given in Eqs. (i) and then deleting ×'_(only one degree of freedom,

namely, only the motion of the nozzle is considered here) gives

Page 12
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I III, Solution of Equations of Motion (conto)

I If the modal shape, _ _), is assumed to be of the form*

where

(_)

Vs _ the modal amplitude and the function of mode number_ s (see Section VII)
0

the maximum value of _y of Eq. (43) will then be

(see Figure i),

where

As: t_, 4 A= * _3 (see Reference i)

(4%a)

(4_b)

The critical radial deflection required for buckling, _r,t' is obtained as*

where k: K_ b_, and _o are introduced in Reference * and _ = 9-1 /Ao.

(,_5)

The critical force which gives rise to buckling of the cone can be approxi-

mately determined by equating Eq. (44a) to the square of Eq. (45), ioeo_

*"Study on Bell-Mode Vibrations of Conical Nozzles," Aerojet-General Corporation

Space Propulsion Division of the Liquid Rocket Plant, Azusa: Californiso Aerojet-

General Report NOo 2581_ May 1963o
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III, Solution of Equations of Motion (cont.)

This result provides for a relationship between the critical force, _c(Guu), and _ ,
which is directly related to area ratio, as follows:

If the modal amplitude,_o , and the coefficient, _ , are knownfor a given mode

number, 8, the evaluation of }_au_) by Eq. (46) depends upon the evaluation of

the integral, _s • This integral can be evaluated in closed form. It would be,
however, difficult to obtain simple physical parameters from its evaluation. On

the basis of engineering simplicity and on the fact that the overall engine motions

(due to @) would have little or no effect on the buckling motions of the nozzle

the following approximation is developed by substituting _=o_intoextensions _

Eq. (25a):

_',Cull+ G,cO_ 4 H, "" l
= (47)

Eq. (47) implies that _ motion is excluded in the determination of nozzle exten-

sion motion, _s. Based on Eq. (47), the integral, _, becomes:

_ f'." ~ ,

Thus the final expression for the critical force becomes, from Eqs. (46 and (48),

(49)
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iV o AERODYNAMIC FORCES INDUCED BY VIBRATION OF THE NOZZLE

When a gas flows through the nozzle, aerodynamic forces act over the nozzle

surface. If the nozzle is deformed, there is a change in the magnitude and distri-

bution of these surface forces. The functional relation between the deformation

and the change in surface forces produced by the deformation,_P(_t)_ can be

obtained as_

where

[ itf ] (_o)

pad mass density of the gas, [Ib_ _a¢ _i_w ]

(5Oa)_

U --velocity of the gas j [5-_]

_I: Mach number

)=a random function of time

.Q, ,t- J.<>'/

(50b)

_Eqo (50a) represents a first order approximation to the aerodynamic theory in

which the influence of three-dimensional aerodynamic effects is neglected and the

the Mach number should be greater than aporoximately 1o6.

@*_. L. 3ispling_Loff _ud H. Ashley, "Principles of Aero-Elasti_icy," oYsl_ _T!iey & S_nso

ln_o_ !962_ p. 443.
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IV, AerodynamicForces Induced by Vibration of the Nozzle (cont.)

By one dimensional isentropic flow theory,

where

(5l)

(52)

j#_j'_c= chamber pressure, density, temperature

_ specific heat ratio

R ._ gas constant, _ l_t

Let the mean Mach number of fluid in the nozzle be denoted by Mm and hence the

mean values of Eqs. (51) and (52 ) be denoted as, respectively,

! _'+t

(53)

(54)

Thus Eq: (50a) is written in the form

i_____+ H_z )± (55)

(Figure i), Eq. (50) is written in the form:From the geometry

O0

{II_-F] (56)
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II

II
II

i

IV, Aerodynamic Forces Induced by Vibration of the Nozzle (cont.)

The substitution of Eq. (50b) into Eq. (55) yields

Ac_)_ = _, ,- ,q _%u A ,/ A,

The substitution of Eq. (57) into Eq. (56) yields

I
F_(_) _(a,,l,,zoQ_ t C-.4"_""eL

Let

' __< '] _o =

Then Eq. (58) is written as

*Iii_ 1213 112 _ and 122 are given in the foot-note of the next page.

Page 17
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IV, Aerodynamic Forces Induced by Vibration of the Nozzle (cont.)

This force,_(t)_ is the aerodynamic force induced by vibration of the nozzle.

Eq. (50a) reduces to the case of piston theory when_7 -'_ _ and _---_
In this case, Eqs. (53) and (54) become

-Pl

-1115 Y21 , 112 , and 122 of Eq. (58):
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Ve PREDICTION OF INPUT SPECTRUM FORCE WHEN THE AERODYNAMIC FORCE, FA(t), ACTS
OVER THE NOZZLE SURFACE

In Section II, the critical spectrum force, _c (oJ_), was obtained as

s_ 2
by solving the equation of motion of the nozzle (Ref. Eq. (7)):

In the analysis, the square-mean value of F (t) was defined (Ref. Eq. (36)) as
C

In the present section, the equation of motion of the nozzle is written in the

form

(65)

where

rD(i ) _ input force acting over the nozzle surface

The substitution of Eq. (60) into Eq. (65) yields

where

_- CN- d_

J

-- F_ (-t) (66)

(66a)
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V_ Prediction of Input SpectrumForce Whenthe Aerodynamic Force, FA(t), Acts Over
the Nozzle Surface (comt°)

Let the square-meanvalue of FD(t ) be defined as

Then the input spectrum,force_ _D_O0_ may be obtained as

(67)

I
I

I

I

I

I

I

where

A_

(_@)_ the square-mean value of the displacement,V_ (_@j_, which is pro-

duced by the input force, Fb_),,

(69)

I

I

I

I

When the maximum value of V_D (<@) is considered_ the input spectrum force_

_D (C_ _ is rewritten by substituting X= _ and S@ _- "_]T into Eq° (68) as

I

I
I

From Eqso (49) and (70)_

A

=(._ _:1_.,__ _ I
\_-_'_ /_ _ I
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V, Prediction of Ir_put Spectrum Force When the Aerodynamic Force_ FA(t), Acts Over
the Nozzle Surface (cont.)

If the input spectrum force, _D(oj_)_ produces a critical displacement

at the nozzle surface,

(72)

In this case, Eq. (71) becomes

The substitution of Eqs° (66a) and (69) into Eq. (73) yields

_D_J

_(_)

(73)

(74)

where

(74a)

From Eqs. (49) and (74),

_(_) :
J

(75)
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POWER SPEC_T&L DE_iSI_'Y_ G2/C!PS_ O_' VIBPA:_iNG NOZZLE IN _RMS OF ACCELERATION

It is assuaged fo_ the p_esent case that the power spectral density, _(O_)_

of critical foTce is. expressed in the 5or_

oo co _ c_

as shown im the figure below:

,,,,,
I I

(_.,_J_ c._b
r

(T_.e spectral range is flcom 60_ to 60_)

(.76)

_,,6)_ E_o \6_) becomesFor the case of E_o '_ ' '

Let

_C¢_.) , Y_'_ _-_l
(78)

thexa substituting S_,o ,(7_-_}: ii_._o E._o i'._7)give-_s

(rg)

Fag._ '_<>-

!
I

I
i
I
I

I
I

!

I
I

!
I

I

I
l
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VI, Power Spectral Density, G2/CPS, of Vibrating Nozzle in Terms of Acceleration (cont.)

Similarly if the power spectral density, _DCc_), of input force is assumed to be of

the form

O cO < c<J_
P

Oj oo> o0 6

where

(/.)_

then Eq. (67) becomes

and _ , are defined as, respectively,The functions, _c 0

_- zX
C-I = -_

C.. "_ (82)

D
(83)

where

acceleration due to gravity, (_[D__Sec"_ ]

The substitution of Eqo (79) into Eq. (82) yields

_l _-
_o

(84)
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VI_ Power Spectral Density: _3/C?'S..,of Vibratir-g __1ozzlein Terms of Acceleration (co<to)

The substitution of E_o_(_i] i:rto Eqo \_j'_'_yields

From _.o (_9)._,(7o), tin), (8_.)_an_ (8_)

(85)

I

!

!
I
I

_o _°

_0

(86)

where

As = A_+ A_.-_ A3

IAr -
EO _ (__ __I_] _

']E r_

I
I

I
r'com Eq_,. ,,"._4 ], I_,_4) and ,'_.c:

d_
,.__..=. --_

I.

(88)

I

I
I
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m

DETERMINATION OF MODAL AMPLITUDE, WSO

I

I
I

The generalized mass, MN, of the nozzle wall was introduced in Eq. (2).

For the present case, it may be approximated for S = 6 by

(89)

where h is a thickness of the nozzle wall.

The substitution of Eq. (44) into Eq. (89) yields

(_)

I

I

I

I

I

i

I

Let

Then Eq. (90) is written as

Let the mass of undeformed nozzle wall be denoted by _N" It is assumed in the

present study that the generalized mass, _N' is approximately equal to the mass_

The substitution of Eq. (93) into Eq. (92) yields

-- N _ _ (94)

Page 25



Report NAS7-136-F, Appendix K

Vll, Determination of Modal Amplitude, W%0(cont.)

The mass, _N, of undeformednozzle wall is obtained as

The substitution of Eq. (95) into Eq. (94) yields

_. ] (95)

I

I

I

I

I

I

(96) I

VIII. SAMPLE CALCULATIONS

The procedure for determining the input spectrum force, QD ; in terms of

acceration when the aerodynamic force, FA(t), acts over the nozzle surface is outlined

here,

(1) IM given by Eq. (91)

(2) W-SO given by Eq. (96)

(3)

T._

Iii , 121 , 112 , and 122 given by Eq. (58a)

'# ?/Jo 3 q-

T : £1 ,.rr
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VIII, Sample Calculations (cont.)

(4) #cl_RT_given in Eq. (54)

_. _ _'__

(5) HA1 and HA2 given in Eqs. (53) and (54)

(6) KA and GA given by Eq. (59)

(7) MN given by Eq. (92)

(8) KN and G_ given in Eq. (63)

*og_ is the structural damping coefficient of the mode S and seldom exceeds a value
0.05. In the present study gN is assumed to be a value of 0.O15.
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VIII, SampleCalculations (cont.)

(lO)

(9) RG and RK given by Eq. (74a)

qc(_N) given by Eq. (49)

From Reference* , _<_2q and _ °_@

(ll) qD(_N) given by Eq. (74)

(12) GD2/Gc 2 given by Eq. (88)

2
(13) Gc

GD

I- (_ _) ÷ _j<_

given by Eq. (84)

*See reference at bottom of page K-15.
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VIII, Sample Calculations (cont.)

(14) GD2 given by Eq. (12)

Thus, if a driving force of GD g's of "white noise" is uniformly applied to

the nozzle extension s which may be caused by combustion instability, aerodynamic

noise from the missile, boundary layer transitions, etc., then this force repre-

sents the limit in terms of initial buckling of the nozzle extension.
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LIST OF SYMBOLS

see Equation 44

distance from origin to extension attachment point, in.

critical acceleration, g's

driving acceleration, g's

damping coefficient of the nozzle

damping coefficient of the coupled system

extension thickness, in.

mass moment of inertia of the coupled system about the origin,
ibf-in. -sec 2

spring constant of the nozzle extension, ibf-in.

spring constant of the coupled system, ibf-in.

distance from throat to nozzle exit, in.

distance from throat to extension attachment point, in.

Mach number

total mass of the coupled system, ibm

chamber pressure, psia

power spectral density of the input force, ibf2-sec

external force acting on the system, ibf

nozzle exit radius, in.

nozzle radius at attachment point, in.

nozzle throat radius, in.

gas constant, ibf-ft/(ibm-°l_)

static unbalance of the coupled system about its elastic axis,

Ibm-in.

time, sec

kinetic energy, ibf-in.

chamber temperature, °Rankine

displacement along nozzle wall, in.

modal shape

potential energy, ibf-in.

circumferential displacement, in.

modal shape
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LIST OF SYMBOLS (cont.)

V

w

w
S

x

X'

x
c.g.

Zs(_)

ZO(_)

KN

ke

@

0

(t)

/x.

volume of the nozzle, in. 3

displacement normal to nozzle wall

modal shape

distance from extension attachment point, in.

distance from origin, in.

distance from origin to c.g. of engine, in.

impedance of the nozzle extension

impedance of the coupled system

cone half angle

damping parameter of the nozzle, i/sec

damping parameter of the coupled system, i/sec

ratio of specific heats

rotational angle

Poisson's ratio

normalized coordinat% in.

density of gas, ibm/in. 3

mass density, ibm/in. 3

frequency, i/sec

natural frequency, i/sec
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